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Abstract. A vector field on a Riemannian manifold is called conformal Killing if it gen- 
erates one-parameter group of conformal transformation. The class of conformal Killing 
symmetric tensor fields of an arbitrary rank is a natural generalization of the class of 
conformal Killing vector fields, and appears in different geometric and physical prob- 
lems. We prove the statement: A trace-free conformal Killing tensor field is identically 
zero if it vanishes on some hypersurface. This statement is a basis of the theorem on 
decomposition of a symmetric tensor field on a compact manifold with boundary to a 



I sum of three fields of special types. We also establish triviality of the space of trace-free 



conformal Killing tensor fields on some closed manifolds. 



. . 1. Introduction 

o. 

Q . Conformal transformation of a Riemannian manifold (M, g) is a diffeomorphism (p 

M ^ M such that (p*g = Xg for some positive function A on M. A vector field u on M is 
called conformal Killing if it generates one parameter transformation group of conformal 
mappings. In local coordinates, a conformal Killing vector field satisfies the equation 

^(ViUj + VjUi) = vgij (1.1) 

^ ■ for some scalar function v (depending on u). Here ViUj denote the covariant derivatives 

■ of the field u. 

^ ! The notion of conformal Killing tensor fields is a generalization of the notion of confor- 

^ I mal Killing vector fields to the case of higher rank tensors, and the equation that defines 

2 ■ the first class of fields generalizes equation (11. ip . 

Given a Riemannian manifold (M, g), let C°°{S"^t'j^j) be the space of smooth symmetric 
covariant tensor field of rank m on M. The first order differential operator 

d = aV : C~(5'"-V;^) ^ C°°(S"r;^), 

is called the inner derivative. Here V denotes the covariant derivative, and a is the 
symmetrization. The divergence 

s : c°°(5™r;^) ^ c°°(5™-v;^) 

is defined in local coordinates by (5u)j^...j^ = g^'''VjUkij...im-i- The operators d and —S 
are dual to each other with respect to the natural L^-product on the space of symmetric 
tensor fields (see Sections). We denote by 



• . c'~(5'"r;^) -> C~(5'"+V;^) 

the following algebraic operator of symmetric multiplication by the metric tensor: iu = 
a{g ® m), and the adjoint of i is denoted by j : C°°(5™+V;^) ^ C^iS'^T'^)- In local 
coordinates, {ju)i^,„i^ = g^^Ujkii...im- The tensor field ju is called the trace of the field u. 
A symmetric tensor field u is called trace-free if its trace is identically equal to zero: 

JU = 0. (1.2) 
1 
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A Killing tensor field is a symmetric tensor field u satisfying du = 0. A conformal 
Killing tensor field is a symmetric tensor field u satisfying the equation 

du = iv (1-3) 

for some v. Equation (11. 3p is a natural generalization of (11. ip . 

Conformal Killing vector (covector) fields are the classic object of the Riemannian 
geometry. Conformal Killing symmetric tensor fields of higher rank naturally appear in 
various problems of physics and geometry (see [2T], 13 El ESI EHl El [I])- There are also 
many papers where antisymmetric conformal Killing tensor fields are studied (conformal 
Killing forms) because of their role in Gravitation Theory and in the Maxwell equations 
(see [m [To] and the references there). 

It should be observed that (in some sense) there are "too many" conformal Killing 
fields of rank m > 2. Indeed, if v is any field of rank m — 2 then the field u = iv satisfies 
the equation du = i{dv) because the operators i and d commute. For this reason, it 
makes sense to study the trace-free conformal Killing fields, i.e., conformal Killing fields u 
satisfying equation (II. 2p . In some papers (for example, see |Sl H]), equation (II. 2p is 
included into the definition of a conformal Killing tensor field, but we prefer to speak on 
the trace-free conformal Killing fields in this case. 

Eliminating v from equation (II. 3p . we get pdu = 0, where p is an algebraic operator 
defined in Section 3 below. As is shown in Theorem 5.1 below, the operator 6pd is elliptic 
on the bundle of trace-free tensor fields. Therefore, the equation 6pdu = implies the 
following statement: a trace-free conformal Killing field is smooth. Hereafter in the paper, 
the term "smooth" always means "C°°-smooth" . 

The definition of a (trace-free) conformal Killing field is invariant with respect to a 
conformal change of the metric in the following sense. If m G C°°(S'™rj,j) is a (trace- free) 
conformal Killing field with respect to a Riemannian metric g then X'^u is a (trace-free) 
conformal Killing field with respect to the metric Xg for any smooth positive function A 
on M. 

As well known, the space of conformal Killing vector fields on M has a finite dimension 
if n = dimM > 3. In the two-dimensional case, the space can be of infinite dimension. 
Nevertheless, in every dimension, a conformal Killing vector field is uniquely determined 
by its C°°-jet at any point. The following theorem is a generalization of the latter fact. 

Theorem 1.1. Let {M,g) be a connected n-dimensional Riemannian manifold, with n > 
3. If a trace-free conformal Killing symmetric field u of rank m > satisfies the conditions 

u{xo) = 0, Vm(xo) = 0, Vu{xo)=0 (1.4) 

at some point Xq G M, where I = l{m) < 6m depends only on m, then u = 0. In 
particular, the dimension of the space of trace-free conformal Killing fields of rank m 
is finite. If n = 2 then the first statement is true if (ll.4p is replaced by the following 
condition: All the derivatives of the field u vanish at the point xq. 

The theorem was first proved in |T3], with l{m) = 6m. The results of [HI [I] provide 
the exact value l{m) = 2m (in the case of m = 2, see also [2T]). Arguments of [HI H] 
are based on delicate facts of representation theory and the theory of overdetermined 
systems. At the same time, the proof given in [H] is quite elementary although it does 
not allow to obtain the exact value of l{m). For reader's convenience, we reproduce the 
latter proof in Sections 9 and 11. For n > 3, the scheme of the proof is as follows. Being 
written in local coordinates, (II. 2p and (I1.3P constitute a linear homogeneous system of 
equations in components of the fields u and v, and their first order partial derivatives. 
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We differentiate these equations / times and show that the resulting system can be solved 
with respect to all partial derivatives of the highest order / + 1. This means that the 
components of the tensors u(t) = u[x{t)^ and v{t) = t>(x(t)) satisfy a homogeneous 
linear system of ordinary differential equations of order / + 1 along every smooth curve 
X = x{t). Together with homogeneous initial conditions f ll.4p . this yields the required 
result. In the two-dimensional case, the proof consists of reducing system fll.2p - fll.3p to 
the Cauchy-Riemann equations. 

Corollary 1.2. Let {M,g) be a connected Riemannian manifold of dimension n > 3. // 
tensor fields u G C°°(S''"rj^) and v G C°°(S'™~^r|^) (m > 0) satisfy equation (11. Sp and 
initial conditions (11. 4p with the same I = l{m) as in Theorem \1.1\ then there exists a 
field w G C°°{S'^~'^t'^,j) such that u = iw and v = dw. For n = 2, the statement is true 
if (ll-4p is replaced by the following condition: All the derivatives of the field u vanish at 
the point Xq. 

Theorem 11.11 implies Corollary [L2] by an algebraic trick presented in Section 3. Theorem 
11.11 is also used in the proof of the following proposition. 

Theorem 1.3. Let {M,g) be a connected Riemannian manifold of dimension at least 2, 
and let <zM be a smooth hypersurface. In particular, T may be a relatively open 
subset of the boundary dM. If a trace-free conformal Killing field u vanishes on V then 
M = 0. 

In the case of m = 1 and F = dM, Theorem 11.31 follows from [T2l Proposition 3.3]. 

The authors are indebted to the anonymous referee for verification of the following 
fact: Theorem 11.31 is not valid if, in the condition = 0, the hypersurface F is replaced 
by a submanifold of dimension less than dimM — 1. We quote: "The dimension of the 
space of trace-free conformal Killing fields of rank 2 on which vanish on a straight line, 
equals 10, i.e., in some sense. Theorem 11.31 is the best possible result." 

Corollary 1.4. Let {M,g) and F satisfy the hypotheses of Theorem \1.3[ If tensor fields 
u G C'^{S^t'j^,i) and v G C°°(S'™'^^r^^) satisfy the equation du = iv and the condition 
= then there exists a field w G C°°(S''"^^rJ^^) such that u = iw, v = dw, and 
w|p = 0. 

The following definition was introduced in [161 § 3] . A Riemannian manifold with 
boundary is called conformally rigid if there is no nonzero conformal Killing vector field 
that vanishes on the boundary. Theorem 11.31 implies conformal rigidity of an arbitrary 
connected Riemannian manifold with nonempty boundary. For such a compact mani- 
fold [M,g), Theorem 3.3 of [16J can be formulated as follows: Every rank 2 symmetric 
tensor field f on M can be uniquely represented in the form 

fij = ^(^i^i + ^i^i) + ^9ij + fij, v\aM = 0, tr / = 0, 6f = 0. 

We generalize this result to higher rank tensor fields. Given a compact M, let H^^S^t'^^) 
denote the Hilbert space of symmetric tensor fields of rank m whose components are locally 
square integrable together with their partial derivatives up to order k in an arbitrary 
coordinate system. 

Theorem 1.5. Let {M,g) be a compact connected Riemannian manifold with nonempty 
boundary. Every symmetric tensor field f G II''{S"^t'j^,j) {m > 0, k > 1) can be uniquely 
represented in the form 

f = dv + iX + f, (1.5) 
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where v G H^~^^{S"^ ^t'm) satisfies the conditions 

jv = 0, v\qm = 0, (1.6) 
A G H^{S'^~'^t'j^), and f G H^{S''^t'j^j) satisfies the conditions 

5f = 0, jf = 0. (1.7) 
The summands in fll.Sp continuously depend on f, i.e., the stability estimates 

\\v\\h^^^ < \\X\\h^ < C\\f\\H^, WfWtj. < Cll/ll^. (1.8) 

hold with some constant C independent of f . 

In General Relativity, conformal Killing tensor fields appear as polynomial first integrals 
of the equation for null geodesies |[8j. Our interest in the conformal Killing tensor fields 
is motivated by the following question from Integral Geometry. 

Given a Riemannian manifold {M,g), let 

QM = {{x,0 \xeM, T,M, = g^,{x)ee = 1} 

denote the unit sphere bundle, and let H : C°°{^IM) — )• C°°{riM) be the differentiation 
along the geodesic flow. In local coordinates, 

where F*^ are the Christoffel symbols. As is seen from (11. 9p . if the function U{x,^) 
polynomially depends on ^ then HU is also a polynomial in ^. More precisely, for u G 

^^(s—v;,), 

H{u.,....^_,{x)e . ..e-') = {duh...u^)e ■ (i.io) 

The question on validity of the converse statement is very important: Is it true that 
every solution to the boundary value problem 

HU = v,^,„,^{x)C'...C'- on QM, (1.11) 
U\9inM) = (1.12) 
is a homogeneous polynomial of degree m — 1 in ^1 The question is equivalent to the 
problem of inversion of the ray transform (see |15[ Ch. 1] for a detailed discussion). The 
question is open in the general case and the positive answer is obtained only under certain 
curvature conditions. 

Consider the following weaker version of the latter question. Assume a solution U to 
the boundary value problem fll.lip -f ll.12p to depend polynomially on ^. Is U a restriction 
to flM of a homogeneous polynomial of degree m — 17 The question is not trivial since 
polynomials of different degrees can have the same restriction to QM in view of the 
identity 9ijC^''\QM = 1- The positive answer to this question can be easily obtained from 
Theorem 11.31 even if fll.l2p is replaced by the weaker condition 

U{x,OUr = 0, (1.13) 

where F is a relatively open subset of dM. Indeed, assume a solution U{x, ^) to the 
problem (11. lip and fll.l3p to be a homogeneous polynomial in ^ of degree m + 2fc — 1 (the 
case of a nonhomogeneous polynomial can be easily reduced to the considered one). This 
means the existence of m G C°°(S'™^^'^^^r^_^) such that 

Uix,0 = u^,...^^^,,_,ix)e'■■■e'-^''-' on fiM, u\r = 0. 
By f ll.lUp . equation fll.lip takes the form 

du = i^v. (1.14) 
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Applying Corollary II. 4[ we find w G (7°o(5'™+2fc ^r^^) such that u = iw and = 
0. Equation fll.l4p can be written in terms of w as i{dw) = i{i^~^v). Since i is a 
monomorphism, this implies 

dw = i^~^v. 

Repeating this argument by induction in k, we find the field w G C°°(5'™^^r^j) such 
that u = i^w. This means that U{x,^)\^j^ coincides with the homogeneous polynomial 
■ ■ of degree m — 1. 

The questions under consideration are also important in the case of closed manifolds 
(i.e., compact manifolds with no boundary). 

Theorem 1.6. If{M,g) is a closed Riemannian manifold of dimension n>2 of nonpo- 
sitive sectional curvature then every trace-free conformal Killing symmetric tensor field 
u on M is absolutely parallel, i.e., Vm = 0, and every symmetric Killing tensor field is 
absolutely parallel. 

In addition, if M is connected and there is a point Xq G M such that all sectional cur- 
vatures at Xq are negative then there is no nonzero trace-free conformal Killing symmetric 
tensor field of any rank and every symmetric Killing tensor field is of the form eg'' for 
some constant c. 

The classical theorem by Bochner-Yano states: there is no nontrivial conformal Killing 
vector field on a closed Riemannian manifold of negative Ricci curvature |22l Theorem 
2.14]. Theorem 1.6 generalizes the last statement to arbitrary rank tensor fields, however, 
under the stronger hypothesis: The requirement of negative Ricci curvature is replaced 
by the requirement of negative sectional curvature. 

Theorem 1.7. Let {M,g) be a closed Riemannian manifold of dimension n > 2 without 
conjugate points. A vector field on M is conformal Killing if and only if it is a Killing 
vector field. A trace-free tensor field of rank 2 is conformal Killing if and only if it is the 
trace-free part of some Killing field. In addition, if the geodesic flow has a dense orbit 
in QM then there are neither nontrivial conformal Killing vector fields nor nontrivial 
trace-free conformal Killing fields of rank 2. 

The natural assumption is that, under hypotheses of Theorem II. 7[ similar statements 
are valid for higher rank tensor fields. In the case of dimM = 2, this easily follows from 
the uniformization theorem, invariance of the definition of conformal Killing tensor fields 
with respect to a conformal change of the metric, and from Theorem 11.61 

The following fact is well known: If the geodesic flow has a dense orbit in QM then 
(regardless of the dimension of M) every symmetric Killing tensor field is of the form eg'' 
with some constant c (see [3j). 

The rest of the paper is organized as follows. Section 2 contains preliminaries from 
algebra of symmetric tensor fields. In particular, after deriving a commutation formula 
for the operators i and j, we show that the singular decomposition of the operator ji 
corresponds to the decomposition of polynomials in spherical harmonics. 

In Sections, we introduce the differential operators d and 6 on symmetric tensor fields, 
prove some commutation formulas for these operators, and obtain some useful proposi- 
tions. In this section, we derive Corollary 11.21 of Theorem 11.11 

Sections 4 and 5 contain the proofs of Theorems 11.31 and ll. 51 respectively. These proofs 
are essentially based on Theorem 11.11 
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In Section 6, we give the proofs of Theorems 11.61 and ll.7[ It should be mentioned that 
this section differs from the others by the nature of the methods. Namely, here we use 
semi-basic tensor fields and the estimates for a solution to the kinetic equation which are 
based on Pestov's identity. We cannot present all necessary definitions here because of 
the volume limitation, so we refer the reader to [T^ Chapter 3] for details. This does not 
concern other sections since they are independent of Section 6. 

In Section 7, we discuss higher order differential operators on tensor fields paying a 
particular attention to the principle parts of operators. 

In Section 8, we introduce the Laplace operator on symmetric tensor fields and prove 
some commutation formulas for powers of the Laplacian which are needed to prove The- 
orem [LTl 

The proof of Theorem 11.11 in the case of dimM > 3 is presented in Section 9. 

In Section 10, we derive the equations that relate the Fourier coefficients of a solution 
to the kinetic equation, to the Fourier coefficients of the right-hand side. We need these 
equations to prove Theorem 11.11 in the two-dimensional case. These equations are also 
of some independent interest since they constitute the basis of the so-called method of 
spherical harmonics for the numerical solution of the kinetic equation and the related 
linear transport equation. In the literature on the method of spherical harmonics, several 
versions of the equations are presented for different particular geometries (see [2]). How- 
ever, the invariant form of the equations, as presented in Theorem 10.2, was probably 
unknown before. 

The final Section 11 contains the proof of Theorem 11.11 in the two-dimensional case. 

2. Algebra of symmetric tensors 

We use the standard terminology of vector bundle theory. For a smooth manifold A^, we 
denote the algebra of smooth real functions on N by C°°(A). If ^ = {E, vr, N) is a smooth 
vector bundle and U G N is an open set then C°°(^; U) denotes the C°°(t/)-module of 
smooth sections of ^ over U, and C^{^; U) denotes the submodule of compactly supported 
sections. We often reduce the notation C~(^; A) and C^{i]N) to and C^(0, 

respectively. We deal here only with finite dimensional bundles with just one exception: 
Sometimes, we consider a graded vector bundle ^* = ©5^=0^"^' where each summand ^"^ 
has a finite dimension. Such an object can be thought as a sequence of finite-dimensional 
bundles. \i rj = (B'^=oV"^ is another graded bundle and A G Hom(^, rj) then denotes 
the restriction of A to We say A has a degree k if v4(^™) C r]^+''. 

Let (M, g) be a smooth Riemannian manifold of dimension n >2. By tm = {TM, vr, M) 
and = (T'M,7i,M), we denote the tangent bundle and the cotangent bundle, re- 
spectively. We often shorten these notation to r = (T, tt, M) and r' = (T',7r, M). 
Let (8>™r' = (©'"T', vr, M) be the bundle of real covariant tensors of rank m and let 
S'^r' = {S^^T'j-K, M) be its subbundle consisting of the symmetric tensors. There is the 
natural projection a G Hom((8)'"T', S"^t') acting as follows: 

a{Vi (^■■■^Vm) = ^ t^7r(l) ® ■ ■ ■ ® V^rn), (2.1) 

where 11^ is the group of permutations of the set {1, . . . ,m}. Note that S^t'=t' and 
S^t' = M X M. It is convenient to assume ^"^t' = S"^t' = for m < 0. For a point 
X G M, let Tx, T^, and S'™T^ be the fibers over x of the corresponding bundles. 

For u G S"^T!^ and v G S''T^, the symmetric product is defined by uv = a{u ® v). Thus, 
S*t' = 0)^=0^"^'^' becomes a bundle of commutative graded algebras. 
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We will extensively use the coordinate representation of tensors. If is a 

local coordinate system in the domain U G M then every tensor field u G C°°(®™r'; U) 
is uniquely represented in the form 

u = Ui,,„i^dx'^ ^ ■ ■ ■ ^ dx'"' , (2.2) 

where the functions Ui^,,^^ G C°°{U) are the covariant components of the field u in this 
coordinate system. In fl2.2l) and below, we use the Einstein rule: The summation from 1 
to n is assumed over an index repeated in the multivariate subscript and superscript of a 
monomial. Assuming the choice of a coordinate system to be clear from the context, we 
reduce formula (12. 2p to 

u = (Mn..i,J. (2.3) 
For X E U and u G ®"'T^, formulas (12. 2p and (12.31) also make sense but the components 
are real numbers in this case. Contmvariant components are defined by 

" — y ■ ■ ■ y "ji---jm) 

where (g^^) is the inverse matrix to {gij). 

A tensor u = ('Uii..i,„) G ®™'T'^ belongs to S'^T'^ if and only if its covariant and (or) 
contravariant components are symmetric with respect to all indices. We will also consider 
partially symmetric tensors. The partial symmetry of a tensor is denoted by 

sym : (ii . . . 4-i)4(ji . . ■3i-i)3i- (2-4) 

This means the tensor {uii...ikji...ji) is symmetric in each group of indices in parentheses 
on the right-hand side of (12. 4p . Along with the full symmetrization a, we will use partial 
symmetrization operators that are defined in coordinates by 



(T[ll . . .lm}Ui^...imjl...jl I '^i,r(l)---«7r(m)il---ir 

III. 

Lemma 2.1. Let m > 1, p > 1, and x G M. For every tensor f G (g)2™-+PX'^ possessing 
the symmetry 

sym fn...imji...jpki...k^ : (ii . . . Wi • • ■Jp){h ■ ■ ■ k^), (2.5) 
there exists a unique solution to the equation 

a{^,...^^3^...3v)nn...^n■■.M■■^^^ = k.-.^n-.^k.-k^, (2-6) 
possessing the symmetry 

sym u^^,„i^j^,„j^ki,„k^ : (ii . . . i„)(ji . . . jpki . . . km). (2.7) 
The solution is expressed by the formula 

Uij^...i^jl...jpki...km ~ "^(^1 • • • '^m)c"(jl • • ■ jpkl ■ ■ ■ km) 



(fp I ^ ^ TYlj I 'P^'^\ 



m 

X 

/=0 



where (^) = ^^^^'iiy^ are the binomial coefficients. 

Since this is a purely algebraic statement, it suffices to prove it in the case of M = M". 
For p = 1, the statement is proved in [151 §2.4]. For an arbitrary p, the proof is quite 
similar. The idea of the proof is as follows. Since the dimension of the space of tensors 
possessing symmetry (12. 5 P is equal to the dimension of the space of tensors possessing 
symmetry (12. 7p . it suffices to verify the equation obtained by substituting (12. 8 p into (12. 6p . 
This verification can be done by straightforward calculations that are omitted. 
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There is a natural inner product on S"^T'^ defined in coordinates by 

{u,v) =Ui^,„iy—'-^. (2.9) 

We extend the product to S*T'^ = Q^^qS^'T^ assuming ^™T^ and S^T^ to be orthogonal 
to each other for m ^ I. The product smoothly depends on x. Therefore, S*t' obtains 
the structure of a Riemannian vector bundle. So we can introduce the L^-product on 
C^{S*t') as follows: 

[u,v)l'^= {u{x),v{x))dV{x), (2.10) 



M 

where dV is the Riemannian volume form. 

For u G S*T!^, let iu ■ S*T'^ — )■ S*T^ be the operator of symmetric multiplication by u, 
i.e., iuV = uv, and let j„ be the adjoint operator of iu- These operators are expressed by 
the formulas 

(^M^)ji...i„+( = Cr(zx . . . ^m+i)(''^«l---im^«m+l---im+i)' 

for u G S'^T^ and v G S''T^. The second formula makes sense only for m < Z. If m > / 
then juV = 0. For u G C°°{S*t'), the operators iu,ju £ Hom(5'*r', S'*r') are defined by 
iu{x) = iu(x) and ju{x) = ju{x)- The operators ig and jg are of a particular importance in 
the present article, so we distinguish them by introducing the notation i = ig and j = jg. 
These operators were already used in Introduction. 

Lemma 2.2. For m > and k > 1, the following commutation formula holds on S^t' : 
..fe _ 2k{n + 2m + 2k - 2) m{m - I) . 

~ {m + 2k - l){m + 2kf ^ {m + 2k - l){m + 2kf ^' 

In the case of A; = 1, the formula has the form 

2(n + 2m) ^ m(m — 1) , , 

J^= . \ ' tj, 2.11 

(m+l)(m + 2) (m+l)(m + 2) 

where E the identity operator. The latter formula is proved by a straightforward calcu- 
lation in coordinates which is omitted. The general case easily follows from (12. lip with 
the help of induction in k. 

Lemma 2.3. For an arbitrary integer m > 0, the following decomposition formula holds: 

[m/2] 

S-^r' = ^z\KeTjm-2k), (2.12) 

A:=0 

where [m/2] is the integer part of m/2, andKei jm-2k is the kernel of the restriction jm-2k 
of the operator j to S'™~^^r'. Each summand of the decomposition is a subbundle in S^t' 
and the summands are orthogonal to each other. The operator i is a monomorphism and 
its range is related to decomposition f l2.12p by the formula 

[m/2] 

Rani„_2 = i^{Kei]rn-2k)- (2.13) 

k=l 

The product ji is a self-adjoint and positive definite operator. Each summand of fl2.12p 
is a proper subspace of the operator ji associated with the eigenvalue 

2{k + l){n + 2m-2k) 



(m+ l)(m + 2) 
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The dimension of the summand equals a{m—2k)—a{m—2k — 2), where a{m) = 0(171, n) = 
dimension of S'^t' . 

Proof. The operator ij is self-adjoint and nonnegative since it is the product of two opera- 
tors that are dual to each other. Therefore, fl2.1ip implies that ji is a positive self-adjoint 
operator. Hence, i is a monomorphism and the orthogonal decomposition 

5*r' = Kerj ©Rani (2.14) 

holds with the summands on the right-hand side being sub-bundles of the left-hand side. 

Let u e Ker jm-2fc- By Lemma YI7I\ we get {ji){i^u) = Xki^u. Therefore, each summand 
in fl2.12p is the eigen-subspace of the operator ji associated with the eigenvalue A^. Since 
all Afe are different, all summands are orthogonal to each other. The injectivity of i and 
equation f l2.14p imply 

dim [i^{Kei jm-2k] = dim {Kei jm-2k) = 0!{m — 2k) — a{m — 2k — 2). 

Equality (I2.12p is now proved by comparing dimensions of spaces on both sides of the 
equality. □ 



Let p G Hom(S'*r', Ker j) and q G Hom(S'*r', Ran i) be the orthogonal projections onto 
the summands of fl2.14p . One easily checks the equality 

q = t{jty^j. (2.15) 

Decomposition fl2.12p is closely related to the expansion of functions on the sphere in 
Fourier series in spherical harmonics. In order to explain the relationship, we introduce 
some notation. 

If {x^, . . . , x") is a local coordinate system with the domain U then, for x & U, a vector 
G is uniquely represented as ^ = The functions x*,^* {i = 1, . . . ,n) form 

a local coordinate system on the manifold T with the domain 7r~^(f/), where vr is the 
projection of the tangent bundle. Strictly speaking, we should write o vr instead of x*. 
We use the shorter notation and hope it will not cause any ambiguity. Thus, every 
function ^ G C°°{7i~\U)) can be written in coordinates as follows: 



¥.(x\...,x",e\...,n (xGf/,eeT. 



Since has the structure of an Euclidean space, the Laplace operator Ax '■ C°°(Tx) — )■ 

C°°{Tx) is well defined. It smoothly depends on x, and therefore, defines an operator A 
: C~(T) ^ C~(T). (Warning: Do not mix up C°°(T) and C~(r)!) The operator is 
written in coordinates as 

and is called the vertical (or fiberwise) Laplacian. 
The embedding : ^*T^ ^ C~(T,.) is defined by 

(x.w)(0 = wn....,„r---r- 

for u G S"^T^. It smoothly depends on x, and hence, defines an embedding x : C°°{S*t') — )■ 
C~(T) by the formula: 

for u G C°°(S'™r'). Thus, x identifies rank m symmetric tensor fields with homogeneous 
polynomials (with respect to ^) of degree m on T. 
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Let Q = QM be the submanifold of T which consists of the unit vectors, and let 
= i7 n be the unit sphere in T^. Given u G S*T^, denote the restriction of x^m 
to fix by XxU . The operator A^; : S*T^ — )■ C°°(fi^) smoothly depends on x and defines an 
operator A : C°°(5*r') ^ C°°{Q). 

We introduce an inner product (• , on the space C°°{ilx) by the formula 



where du is the volume form on Vt^ induced by the metric g. The index uo is used in the 
notation in order to distinguish this product from the product defined by (I2.9p . 

Lemma 2.4. The following equalities hold on S"^T'^: 

Ki = A., (2.16) 

V 

m{m - l)x^j = ^x>ix- (2-17) 
For M, f G S"^T^ such that ju = jv = 0, the following equality holds: 

(A^M, A^f )a; = ; -{U,V). (2.18) 

^ ' ^ 2™-ir(n/2 + m)^ ' ' ^ ^ 

Proof. For u G S^T'^ and ^ G fi^, we have 

(A,^u)(0 = (a(zi . . . ^„^+2)(Mn..i,„^7WlW2))^' • • • C"^^' ■ 

Since the product ■ ■ ■ is symmetric with respect to (ii, . . . , im+2), we can omit the 
symmetrization a{ii . . .im+2) here. So we get 

(Xxtum = («n....™r • • • e™)(^7wiw2e'"^^e'"^^) = «n....,„r • • • 

because (y'i^+ij„_,.2^*™'"''^C'"+^ = 1 on Q^- By definition, the right-hand side of the last 
formula equals {Xxu){C,). This proves ( 12.16^ . Formula (I2.17P is also proved by direct 
calculations: 

(A.x.«)(0 = 9''q^ K....r • • -e™) 

= m(m - l)g'^Ui„„i^_,ijC' ■ ■ ■ f™"' = m{m - 1)(x^.jm)(0. 

It suffices to prove (12.181) for u = v. The polynomial x^u can be written in the two 
ways: 

(x.w)(0 = • • -e- = (2.19) 

a|=m 

where a = (ai,...,a„) is a multiindex. The coefficients of (12.190 are related by the 
equality Ua = with i{a) = (1. .. 12. .. 2. ..n...n) where 1 is repeated ai times, 

2 is repeated 02 times, etc. 

We choose the coordinates in a neighborhood of x so that gij{x) = 6ij, where {6ij) is 
the Kronecker symbol. Then 

{u,u) = ^ V (2.20) 



ml 

\a\=in 



Indeed, 



[U,U) = \ui^ ij^= Y Tjl^iWl 



n,...im=l |al=m 
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Taking the relations = a\ua/Tn\ into account, we obtain fl2.20p . 
For |a| = m, formula (I2.19P implies 

d^{K^u) = alu^. (2.21) 

Therefore equality fl2.20p can be written as 

ml ^-^ a\ 

|«|=m 

In virtue of f l2.17p . the condition ju = means XxU is a spherical harmonics of degree 
m. Ass well known, the spherical harmonics satisfy the equality 

2-r(n/2 + m)r(m + l) ^ 

^m,m. — T{n/2) ^0,m, {Z,.Z,0) 

(for example, see [171 Lemma XI. 1]), where 

Ao,m = / \XMO\^d^iO = {Ku,Xxu)^, (2.24) 



By fl2.2ip . the last integrand is constant and the last formula gives 



\a\=m 



2 



where Un is the volume of the unit sphere in R". Together with f l2.20p . the last formula 
implies 

Am,m = {m[fun{u,u). (2.25) 

Finally, substituting (KM . (E25]), and Un = 27r"/Vr(n/2) into (E23]), we obtain fl218l) . 

□ 

According to Lemma [2.41 the operator isomorphically maps the subspace Ker jV™ C 
S^T'^ onto the space of spherical harmonics of degree m on fij.. Moreover, this isomor- 
phism is an isometry up to a constant factor if Ker is equipped with the inner product 
(• , •) and the space of harmonics is equipped with the product (• , •)^. 

As well known (for example, see yjZj), spherical harmonics of different degrees are 
orthogonal to each other and every function Lp e C°°{Vlx) can be expanded in the Fourier 
series in spherical harmonics of different degrees. The series converges absolutely and 
uniformly. The expansion smoothly depends on the point x, and we arrive to the following 
statement. 

Lemma 2.5. Every function (p G C°°{Vl) can he uniquely represented by the series 

oo 

ip=J2 (2-26) 

m=0 

where Um G C°°{S^t') satisfy the condition jum = 0. The series converges absolutely and 
uniformly on each compact subset offl. 
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By Lemma 2.3, a tensor field u G C°°(5''"r') is uniquely represented in the form 

[m/2] 

l^Um-2k, (2.27) 



u 

k=0 



where every Um-2k £ C°°{S"^~'^^t') satisfies jum-2k = 0. Expansion fl2.27p coincides with 
the Fourier series fl2.26p of the function Am G C°°(f2). More precisely, the Fourier series 
of the function Xu has a finite number of the summands, namely, 

[m/2] 

XU= Y XUm-2k 
k=0 

where the tensor fields Um-2k are the same as in ( I2.27p . 



3. The operators d and 5 

Given a Riemannian manifold {M,g), let V : C°°((g)™r') be the co- 

variant differentiation with respect to the Levi-Civita connection. For a tensor field 
u = higher order covariant derivatives are denoted by V^'u = (Vji...jkUij^...i„,)- 

The inner derivative d : C°°{S*t') — )■ C°°{S*t') is defined hy d = cxV. The divergence 
6 : C°°{S*t') C°°{S*t') is defined in local coordinates as {Su)i^,„i^_-^ = g^^V jUki^,,,i^_^. 
These d and 5 are the first order differential operators of degree 1 and —1, respectively. 
They were already mentioned in Introduction. 

Theorem 3.1. The operators d and —5 are dual to each other with respect to the L"^- 
product of symmetric tensor fields. Moreover., for a compact manifold M with boundary., 
Green's formula 

j {{du,v) + {u,5v))dV = j {iuU,v)dV' 

M dM 

holds for M, V G C°°{S*t'), where v is the unit outward normal to the boundary, and dV 
and dV are the Riemannian volume forms of M and of dM, respectively. 

The proof is given in [TSl §3.3]. 

Lemma 3.2. The following equalities hold on C°°{S*t'): 



id = di, j6 = 6j, (3.1) 

pdp = pd, p6p = 6p, (3.2) 

qdq = dq, q6q = q6, (3.3) 

pdq = 0, q6p = 0. (3.4) 



Proof. These formulas are written in pairs every of which is formed by two relatively dual 
relationships. It suffices to prove one formula in each pair. The second formula in (13.1 p 
can be proved by direct calculation in coordinates and we omit it. The first formula 
in (13. 3p is derived from (I2.15P and (13. ip as follows: 

qdq = iiji)~^jdi{ji)'^j = iiji)~^jid{ji)-^j = id{ii)~^i = di{ii)-^i = dq. 

Formula (13. 2 p is obtained from (13. 3 p by the substitution q = E—p. The left multiplication 
of the first formula of (13. 3p by p implies the first formula of (13. 4p . □ 
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Lemma 3.3. The following equalities hold on C^lS^^r'): 

2 TTl 

6i = d + i6, (3.5) 

m + 2 m + 2 ^ ^ 

2 rr? — 1 

jd = 6 + -—-dj. (3.6) 

m + 1 m + 1 

Proof. It suffices to prove (13.51) since (13. 6p is obtained by the duality. For u G C°°(S'™r'), 
we have 

{Siu)i^,„i^j = g''^[(T{ii . ..irajk){gjk^iUi^,„iJ] 

by the definition of i and 5, and by the equahty Vg = 0. The expression in brackets 
represents the sum over 11^+2 • We divide all the terms of the sum into four groups as 
follows: The first group includes the products of the form grs^iUt^...tm for {r, s} = {j, k}; 
the second group (the third group) consists of the products such that k G {r, s} and 
j ^ {r,s} {k ^ {r,s} and j G {r,s}), and the fourth group contains all the remaining 
terms. We thus obtain 

(m + l)(m + 2),_ , wf ^ ^ 

{Stu)i„„i^j = g ^gjkViUi„„i^ + l^Qkiyiu^^^ s^^^^^ 

a=\ 

m 



a=l l<a<b<m 



where A over an index means the index is omitted. Using the identity g^^gjk = ^i, where 
(5^) is the Kronecker tensor, we rewrite the last formula in the form 

(m + l)(m + 2) , ^ 

^ a=l 

m 

a=l l<a<b<m 

The sum of the first two summands on the right-hand side of this formula equals 

(m + l)((iM)jjj...j„^, and the sum of the last two summands equals {i5u)ji^,,,i^. □ 

Lemma 3.4. The following equalities hold on C°°{S'^t'): 

dq = qd — -i6p, q6 = 6q — -pdj, (3.7) 

n + 2m — 2 n + 2m — 4 

dp = pd+ — — -i6p, p6 = 6p + — — -pdj. (3.8) 

n + 2m — 2 n + 2m — 4 

Proof. As above, the formulas are written in dual pairs and (13. 8 p is obtained from (13. 7p 
by the substitution q = E — p. Hence it suffices to prove the first of formulas (13. 7p . 
By ([31]) and (jMD, 

■•J -J- f 2 , m + 1 A . 

jid = jdi = H dj I. 

\m + 3 m + 3 / 

The left and right multiplications of this formula by yield 

777 _l_ 1 2 
dm-' = -^{jz)-'d + ^-{jz)-'6z{jz)-\ 
m + 6 m + 3 
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In virtue of fl2.15p and (13.61) . this gives 

dq = di{ji)'^j = id{ji)-^j = i[ —{jiy^d + —{jiy^Si{jiy^ )j 

\m + 1 m + 1 J 

m -\ ., .../mW . 2 \ 2 

= ^-T<J^ +^rT'-^' 

m + 1 \m — 1 m — 1/ m + 1 

m + 1 

i.e., 

2 

dq = qd — (3.9) 

m + 1 

The equahty jp = follows from the definition of p. According to (12. lip and (13. ip , this 
implies 

, 2(ra + 2m-2), (m - l)(m - 2) . . , 2(n + 2m - 2) , 
m(m + 1) m(m + 1) m(m + 1) 

Hence the equality 

m(m + l) 
2(n + 2m — 2) 

holds on (:7°°(^™r'). Substitution of (1310|) into ([33]) imphes the first formula of (|3T]). □ 

Let us now demonstrate how does Theorem 11.11 imply Corollary 11.21 Let u and v satisfy 
the hypotheses of Corollary 11.2 [ and let u = pu. Then 

ju = 0. (3.11) 

Applying the operator p to 01. 2p . we obtain pdu = 0. Transformation of the left-hand 
side of this equality by (13. 8 p implies 

m \ _ 

d id ] u = 0. 

n + 2m - 2 J 

We denote v = —tt — n^u and rewrite the last formula as 

n+2m— 2 

du = iv. (3.12) 

As is seen from (I2.15p . the operator p = E — q is represented in coordinates by a matrix 
whose elements are rational functions of the components Qij of the metric tensor. Therefore 
conditions (II. 4p imply the similar conditions for u = pu: 

{i(xo) = 0, Vm(xo) = 0, Vu{xo) = Q. (3.13) 

According to (I3.11I) - (I3.13I) . u satisfies the hypotheses of Theorem 11.11 Assuming the 
theorem to be valid, we obtain u = pu = This means the existence of w such that u = 
iw. Theorem 11.31 implies Corollary 11.41 in a similar way. 

4. Proof of Theorem 11.31 

According to Theorem 11.11 whose proof will be given below. Theorem 11.31 follows from 
a weaker statement formulated in 

Lemma 4.1. Let T be a smooth hypersurface in a Riemannian manifold M . If tensor 
fields u G C'^(S"^r') and v G C"^(5™~V') satisfy the conditions 

du = iv, ju = 0, = 

then u and v vanish on F together with all their derivatives. 
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Proof. The statement is trivial for m = 0. Let m > 1. We prove by induction in k the 
vahdity of the following statement: 

= 0, Vu\r = 0, ...,V*^M|r = 0, 
^;|r = 0, \/v\r = 0, ...,V''-^v\r = 0. 

For /c = 0, the statement coincides with the hypothesis = 0. Assume the required 
statement to be true for some A; > 0. 

We choose a coordinate system (x^, . . . , x") = {x'^, . . . , y) in some neighborhood 
of xo G r so that T is defined by the equation y = and gin = Sm- Here and below {6ij) is 
the Kronecker tensor. By the induction hypothesis, 

-jr-idl'Ui^...im =0 for / < fc, 

(4.1) 

Ql 

= for / < A; - 1 



dy 



•^m~ 1 



for an arbitrary [n — l)-variate index /3. 

The equality du = iv has the following form in the chosen coordinates: 

= {m + l)a{ii . . . im+i) {9hi2Vi,...i^+^) ■ 
Applying the operator to this equality and taking (14. ip into account, we obtain 



dy'' 



Qj.lm + 1 



9x*i 



(m + l)a(zi . . . i^+i) 



y=0 



dy^ 



y=0 



(4.2) 



Hereafter we use the following agreement: Greek indices vary from 1 to n — 1, and the 
summation from 1 to n — 1 is assumed over repeated Greek indices. Set (ii, . . . , im+i) = 
(«!, . . . , ttm+i) in (14. 2p . Then the left-hand side of (14. 2 p equals zero by (14. ip and we obtain 



a{ai . . . ttm+l) 9ai 



03...am+l 



0-2 



We rewrite (14. 2 p in the form 

( du 



1 



+ ••■ + 



m! 



dy^ 



0. 



j/=o. 



'■7r(3)---*7r(m + l) 



Trellm + l 



and im-s+i 



(4.3) 



(4.4) 



Let < s < m. We set (ii, ■ ■ ■ , im-s) = ("i, • • • , ctm-sj ana im-s+i = ■■ ■ = im+i = n 
in (14. 4p . By (14. ip . the first m — s summands on the left-hand side of (14. 4 p are equal to 
zero and the last s + 1 summands coincide, i.e.. 



dy'' 



9x*i 



(s + l) 



■ax...am~sn...n 



dy 



k+l 



(4.5) 



y=Q 
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Let US analyze the right-hand side of (14.41) for the chosen indices. If 7r(l) < m — s and 
7r(2) > m-s then Qi^^^^i^^^) = 0- Similarly, gi^^-^^i^^^) = if vr(l) > m-s and n{2) <m-s. 
Therefore 



^ ^ 5'*7r(l)*7r(2) 
Trellm + l 



«7r(3)---«7r(m+l) 



«ir(3) ■■■*ir(m+l) 



»7r{3)---*?r(m+l) 



(4.6) 



2/=0 



where 



nrrt+i(s) = {vr G n„+i I 7r(l) > m - s, 7r(2) > m - s}, 
nm+i(s) = {tt G n„,+i I 7r(l) < m - s, 7r(2) < m - s}. 



All the summands of the first sum on the right-hand side of (14.61) coincide because v is 
symmetric. And the total amount of the summands is (m — l)!s(s + 1), i.e., 



■n-ellm+iis) 



«ir(3)---*7r(m + l) 



(m - l)\s{s + 1) 



ai...am~sn...n 



y=0 



(4.7) 



y=0 



For s = 0, the right-hand side of (14. 7p is equal to zero due to the factor s. 
The second sum on the right-hand side of (14.61) is obviously equal to 



C(m, s)(T(ai . . . am-s) 5'aia2 



a-i...am-sn...n 



dy^ 



(4i 



where c(m, s) = (m — l)!(m — s){m — s — 1) is total amount of elements in nj^_,_j^(s). 
Substitute dS]) and (iSD into (USD to obtain 



(m- 1)! 



5Z 3. 

TrSlIm+l 



■(3)---*7r(m + l) 



7r(l)«7r(2) 



s{s + l) 



ai...am-sn....n 



y=0 



dy^ 



y=0 



+ (m - s)(m - s - l)(j(ai . . . ams) { 9, 
Next, we substitute (gSD and (gS]) into fOjl 



Q:3...«m_sn...n 



aia2 



Qyk 



(4.9) 



U 



ax...am-sn...n 



dy 



k+l 



S d Vai...am-s'n...n 



y=0 



m dy^ 



y=0 



(m-s)(m-S-l) / 9V3...a™-.n...n 

H 7 —r. 0"(ttl • • • Oim-s) gaia2- 



y=Oy 



m(s + 1) ^ ^ 

We define the tensor fields 

^(s) ^ ^"^(^^-vf) (0 < s < m), G C°°(5™-Vf) (1 < s < m) 

on r as follows: 



(4.10) 
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For convenience, we also define w^^^ = 0, w^'^^^^ = 0, and w^"^^"^^ = 0. Then fl4.1Up can 
be written in the coordinate-free form 



z 



m mis + 1) 



(4.12) 



and (14.31) can be written as iw^^^ = 0. Since i is a monomorphism, this imphes 

w^^^ = 0. (4.13) 



If m = 1 then f is a scalar function and (14.131) gives 
implies 



dy'' I y=0 



0. Equation f Hl2|) 



.(0) 



Ur 



dy 



k+l 



0, 



,k+l 



This justifies the induction step in the case of m = 1. Therefore, we assume m > 2 in the 
rest of the proof. 

In the chosen coordinates, the equation ju = is written as follows: 
Differentiating this identity k + l times with respect to we obtain 



.im-2nn 



dy 



k+l 



+ 9 



y=0 



dy 



k+l 



0. 



y=0 



We set (ii, . . .,im-s] 
obtain 



(«!, . . . , ttm-s) and im-s+i = . . . im-2 = in the last formula to 
+ ^-^(^-2) = (2<s<m). 



This implies 

z^''^ = i-j) 



for < 2s < m, z^^'+^'> = (-j)'^^^^ for < 2s + 1 < m. (4.14) 



Setting s = m and then s = m — 1 in (I4.12p . we get 



Taking (I4.14p into account, this implies 



m 



-z 



(m-l) 



m ~ 1 



for m = 2m', 



w 



(2^') ^ 2m^^_^.^„,^(0) f^^^^2m' + l. 



w 



(2m'-l) 



2m' 
2m' 



2m' 



i-3r'~^z^^^ for m = 2m'. 



w 



(2m'+l) 



(4.15) 



(4.16) 



for m = 2m' + 1. 



Now, we are going to prove the representations 

[m/2]-s 



W 



w 



(2«) = (-l)^ J2 a{m,s,l)t^f+^z^^^ for0<2s<m, 

1=0 
[m-l/2]-s 

(2S+1) _ ^_-^y J2 b{m, s, l)i^f+^z^^^ for < 2s + 1 < 

/=0 



m, 



(4.17) 



(4.18) 



with some positive coefficients a{m,s,l) and b{m,s,l), where [•] denotes, as usual, the 
integer part of a number. For < m — 2s < 1, formula (I4.17P coincides with (I4.15p . We 
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shall prove fl4.17p by induction in m — 2s. Let s > and m — 2s > 2. If we take s := 2s 
in fl4.12p then we get 

2s 



m 



_^(2s) ^ (m-2s)(m-2s-l) ^.^^(2s+2) 



We express w*^^*) from this equation 



m(2s + 1) 



{m — 2s)(m — 2s — 1) 



-tw 



(2s+2) 



2s^ 2s(2s + l) 

We replace the first term on the right-hand side by its value fl4.14p and replace the second 
term by its expression from the inductive hypothesis f l4.17p 



W 



(2s) ^ /_ 



1) 



V27 



(m — 2s)(m — 2s — 1) 
2s(2s + 1) 



a(m,s + l,/)z'+y+'+iz(°)). 

1=0 



Changing the summation index, we transform this expression to the form 

A2s) _ t ,^s^^,sJo) , (m-2s)(m-2s-l) 



.2s 



2s(2s + 1) 
This is equivalent to fl4.17p with 

m/2s for / = 0, 



J2 a{m,s + l,l-iyf+'z^''^y 
1=1 



a{m, s, /) 



{m-2s)(m-2s-l) 



2si2s+i) Am, s + 1,1-1) for />!. 

Thus, representation f l4.17p is proved. The proof of (14.181) is quite similar. 
Set s = in flCTl) 

^(0) = {m-l)iw^^\ 

By iH]), 



(4.19) 



w 



(2) 



J] a(m,l,/)zy+^z(°). 



(=0 



Substitution of the last expression into (I4.19P gives 

[m/2] 

E+{m-l)Y^ a(m, 1,1- l)i^f z^^^ = 0, 



(4.20) 



1=1 



where E is the identity operator. The operator in the brackets is nondegenerate since the 
coefficients of the sum are positive and the operator i^j^ is nonnegative. Hence, (I4.20p 
implies = 0. So, according to f HTTip and (KT7}i . z^"^'^ = and w^'^''^ = for all s. 
By (I4.13p . w^^^ = 0. On the other hand, setting s = in (4.18), we see 



w 



(1) 



J2 K^.O'O^y 



z^'^ = 0. 



1=0 



Since the operator in the brackets is nondegenerate, z^^^ = 0. Together with (I4.14p 
and dHSD, this gives z^^^+i) = q and w^^'+'^^ = for all s. 

We have proved z^^^ = and w^^^ = for all s. Recalling definition (14. lip , we see 



dy 



fc+i 



0, 



y=o 



y=Q 
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and this is the finish of the inductive step. □ 

5. Proof of Theorem 11.51 

We start with the following observation: the tensor fields A and / can be eliminated 
from the system (^-(^. Indeed, let /, / G H^S'^r'), v G V), and A e 

H''{S"'-^t') satisfy ([I3])-([r7]). Applying the operator j to (1T3|) . we get 

jf = jdv + jiX. 

Express A from this 

x = {jtr'j{f-dv), (5.1) 

and substitute the result into fll.5p 

f = dv + zUz)-'j{f-dv) + f. 
Due to fl2.15p . this equality can be written in the form 

f = dv + q{f- dv ) + / 

or 

(E-q)f = {E-q)dv+~f, 
where E is the identity operator. Since E — q = p, 

pf = pdv + f. (5.2) 

To eliminate /, we apply the operator 6 to equation (15. 2p . Taking 6f = into account, 
we obtain 

6pf = 6pdv. 

Hence, f is a solution to the boundary value problem 

{5pd)v = h, v\qm = (5.3) 

with 

h = 6pf e H^-\S"'-\'). (5.4) 

Recall that the subbundle Ker j of the vector bundle S*t' was defined in Section 2. The 
right-hand side h of equation (15. 3p belongs to H^~^{Kei j) by (15. 4p and (13. ip . The desired 
solution V to problem (15.30 must be a section of Ker j since the requirement jv = is 
contained in (II. 6p . Finally, 5pd can be considered as a differential operator on the vector 
bundle Ker j, i.e., 

6pd : C~(Ker j) ^ C°°(Ker j), 

since q{6pd) = {q6p)d = in view of (13. 4p . So, (15. 3p can be considered as a boundary value 
problem on the bundle Ker j. We shall prove this is an elliptic problem with zero kernel 
and co-kernel. Then, applying the theorem on regular solvability of elliptic problems, we 
shall deduce that, for every h G H^{Kei j) {k > 0), problem (15. 3 p has a unique solution 
V G H^^'^{Kei j) satisfying the stability estimate 

||i'||//fc + 2 ^ C||/l||jLffc. 

Setting h = 5pf and defining A and / by formulas (15. ip and (15. 2p . we get (ll.5p -f fTT8|) . 
Theorem 11.51 is thus reduced to the following proposition: 

Theorem 5.1. Let M he a compact connected Riemannian manifold with nonempty 
boundary. Being considered on the vector bundle Ker the boundary value problem (15. 3 p 
is elliptic and has zero kernel and co-kernel. 
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Proof. We start with checking elhpticity of the operator 6pd on Kerj. The principal 
symbols ai{d) and cri(5) of the operators d and 5 at a point {x,^) G T' are 

ai{d) = V^i^ ai{6) = V^j^; 

here a/— 1 is the imaginary unit. Hence, 

a2{Spd) = -j^pi^. 

For X G M, let Ker™ j = {/ G S"^T^ \ jf = 0}. We have to prove the operator 

j^pt^ : Ker^^j ^ Ker^j (5.5) 

is an isomorphism for every m > and every 7^ ^ ^ T^- 
The operator j^pi^ is easily seen to be nonnegative. Indeed, 

Therefore verification of the ellipticity of 6pd reduces to the following proposition. 
Lemma 5.2. // a tensor f G S"^T^ satisfies the conditions 

Jf = 0, PHf = 

for some 7^ ^ G T^, then / = 0. 

To prove Lemma 15. 2[ we need the following: 
Lemma 5.3. The commutation formula 

■ ■ 2 

PH = HP -tHJV JiiP 

m + 1 

holds on S'^t'. 

Proof. The commutation formula 

2 m — 1 

J^i = ^TU + ^T^a on S^r' (5.6) 

is checked by direct calculations in coordinates, and we omit them. Using fl2.15p and 05.61) . 
we obtain 

\m + 1 m + 1 
Hence, 

qH = ^{J^)-'(^H + ^^^a) on S"^t'. (5.7) 
\m + 1 m + l y 

Using fl5.6p again, we get 

/ 2 , m + 1. \ . 2 ,. m + 1,,,., 

'''^ = = [-^'^ + ) ' = + 

Multiplying the extreme parts of this formula by {ji)~^ from the left and from the right, 
we obtain ^ ^ 

m + 3 m + 3 

Hence, 

777 _|_ Q O 

{J^)-\ = ^^^{J^)-^- {J^y^J^^{J^)-^ on 5™r'. (5.8) 

m + 1 m + 1 

We transform the second summand on the right-hand side of (15.71) with the htlp of (15. 8p . 

The summand equals zero in the case of m = and of m = 1 due to the factor j on its 
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right. Therefore we assume m > 2. Since the operator j acts before the value m 

in flS.Sp should be changed to m — 2. Thus, the result of the transformation is as follows: 

2 . m - 1 . /m + 1 , 2 , i . ...^A . 

m+1 m + I \m — I m — 1 J 

We arrange this formula as 

2 

and use fl2.15p again to obtain 

2 

qi^ = i^q+ ———i(^ji)-^j^p on S'^r'. (5.9) 

We have thus proved (15. 9 p in the case of m > 2. Actually, (15. 9p is valid for any m > 0. 
Indeed, both sides of this formula are equal to zero in the case of m = 0. In the case of 
m = 1, (15. 9 p has the form 

1.. 

gzf = —tjf on T 
n 

and can be easily checked. 

Substituting q = E — p into (15. 9p , we complete the proof of Lemma 15.31 □ 



Proof of Lemma \5.B. The statement of the lemma is trivial for m = since pi^f = i^f in 
the latter case and is a monomorphism for ^ 7^ 0. So we assume m > 1. 

Let / G S"^T'^ satisfy the equalities jf = and pi^f = 0. By Lemma [5.3[ the second 
equality implies 

= Pkf = HPf —rKi^Y^kpf- 

m + 1 

Since pf = f, this equality is simplified to the following one: 

m + 

Taking the scalar product of this with i^/, we get 

m+1 



m + 1 



+ 
or 

(mfJ) - -^m~'3if.JHf) = 0. (5.10) 
m + 1 

The operators and satisfy the commutation formula 

If P m 

UHf = ^^f + ^jHUf for feS'^r' (5.11) 
m + 1 m + 1 



(see [m Lemma 3.3.3]). 

Since jf = 0, formula (15. 6 p implies 



m + 

Using (12. lip and taking jf = into account, we deduce 

2in + 2m-2) 
m[m +1) 



m + 1 
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Applying the operator {ji)^^ to this equation, we infer 



iJ^r\Jd) = ,r^r,'^^\, Hf- (5.13) 
2[n + 2m — 2) 

Substitute (l5ll]) -( l5A3D into (15A0D to obtain 

Both coefficients of the equahty are positive in the case of n > 2, m > 1, and ^ 7^ 0. 
Hence, / = 0. □ 

We have thus proved the elhpticity of the principal symbol j^pi^ of the operator —5pd on 
the bundle Ker j. Actually, we have shown the principal symbol is positive. This implies 
the ellipticity of the boundary value problem f l5.3p . Indeed, as is known [191 Chapter 5, 
Proposition 11.10], the positivity of the principal symbol implies the Lopatinskii condition 
for the Dirichlet problem. 

Next, we are going to prove the triviality of the kernel of the boundary value prob- 
lem fl5.3p . Let V G H^{Kei j) {k > 2) be a solution to the homogeneous problem 

{5pd)v = 0, v\9M = 0. (5.14) 

Due to the ellipticity, v is smooth: v G C°°(Kerj). Applying Green's formula from 
Theorem l3.lt we have 

{pdv,pdv)L2 = {pdv,dv)L2 = —{6pdv,v)L2 = 0, 

i.e., pdv = 0. Hence, f is a trace- free conformal Killing field. According to Theorem II. 3 [ if 
such a field satisfies the homogeneous boundary condition ^Igjyj = then it is identically 
zero. 

Let S"^T'\g]^.j denote the restriction of the bundle S^r' to the boundary. To prove the 
triviality of the co-kernel of the boundary value problem (15. 3p . we need the following 
proposition. 

Lemma 5.4. If a tensor field u G (S'"*r'|g^^) satisfies the condition ju = then there 
exists V G C°°{S''^t') satisfying the conditions f = 0, jf = and such that 

3uPdv\dM = u, (5.15) 
where v is the outward normal vector to the boundary. 

The proof of Lemma 15.41 will be given below. We now finish the proof of Theorem 15.11 
with the help of the lemma. 

Assume a field w G C°^(Kerj) to be orthogonal to the range of the operator of the 
boundary value problem (15.31) . i.e., 

{w,Spdv)L2 = (5.16) 

for every v G C°°(Ker j) satisfying the boundary condition f = 0. We have to show 
w = 0. We ffist choose v such that suppf C M \ dM. Green's formula and (I5.16P imply 

{6pdw,v)L2 = {w,6pdv)L2 = 0. 

Since V G C^(Ker j) is arbitrary, this means 

5pdw = 0. (5.17) 
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For an arbitrary u E C°°(Ker Lemma 15.41 guaranties the existence of some 

V G C°°(Kerj) which satisfies f lS.lSp and vanishes on the boundary. With the help of 
Green's formula, f l5.15p -f l5.17p yield 

= (w, 5pdv)L2 = {5pdw,v)L2 + J {w, j^pdv)dV' = J {w,u)dV'. 

dM dM 

This means ^Ig^j = since u is arbitrary. So, w belongs to the kernel of the boundary 
problem operator. As was already proved, such w must be identically equal to zero. 
Theorem 15.11 is proved. □ 



Proof of Lemma 5.4 ■ In order to simplify the notation, we give here the proof only in the 
case of an odd m. The case of an even m is considered in a similar way. Both the cases 
can be considered simultaneously but with much more complicated notation. 

In virtue of the condition v^^^^^ = 0, fl5.15p can be considered as an algebraic equation 
in the unknown dv/du^gj^^. We are going to prove the existence and uniqueness of a 
solution to the equation under the condition ju = 0. Moreover, the solution satisfies 
j(9f/(9z/|gj^^ = as will be shown. Then the proof of the existence is realized by choosing 
a section v of the vector bundle Kerj with prescribed boundary values v\gj^^ = and 
dv/du\g^. 

We choose normal boundary coordinates (x^, . . . , x"') = {x^, . . . , ^, ?/) in a neighbor- 
hood of a boundary point so that = Sin and the boundary is defined by the equation 
y = 0. Below the Greek indices change from 1 to n — 1. We define the tensor fields 
u^'\v^'^ G C°°{S'Ti,^^) for < s < 2m + 1 by the formulas 



(s) 9Va-^ Q^^n...n 



ai...a 

y=0 



The condition ju = is expressed in terms of u^^^ as follows: 

+ ju(^+^) = 0. 

From this. 

Using (13. 8p . we transform fl5.15p to the form 



2m + 1.^ 

dpv 10 pv 

n + 4m 



= u. 

dM 



If jv = then pv = v and the equation simplifies to the following one: 

= u. (5.20) 



. 2m+l 

ji, \ dv zov 

n + 4m 



dM 



We are going to derive some recurrent formulas from (15.201) which uniquely determine the 
tensors v^^\ 

In the normal boundary coordinates, the vector u has the coordinates (0, . . . , 0, 1) and 
equation fl5.20p takes the form 

2m + 1 / • r \ 

{dv)nii...i2m+i\y=o ~ ^ _|_ {iovjnii...i2,n+i \y=o ~ '^ii---i2m+i- (5-21) 
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Set {ii, . . . ,is) = (ai, . . . , a^) and i^+i = ■ ■ ■ = i2m+2 = n in the equality 

The first s summands on the right-hand side vanish on dM since v\gj^ = 0. The last 2m — 
s + 2 summands are pairwise equal. Hence, 

Similarly, we deduce 

(Mai...".n...n|s/=0 = Val.a,- (5.23) 

Setting {ii, . . . = (ai, . . . , as) and i^+i = ■ ■ ■ = i2m+2 = n in the equality 

.12^+2 = f2m + 2)! fi'V(l)V(2) ('^^)v(3)---V(2m+2) 

and analyzing the right-hand side in the same way as has been used for deriving (14. 9p . we 
obtain 



I _ (2m-s-H)(2m-s + 2) ^^ 



^ (2m + l)(2i + 2)"^^"' ■ • •"«)(^-l-2(^^^)«3..-.n...n|y=o)• 



With the help of (K23^ . this gives 



I - (2m-. + l)(2m-. + 2) 



+ !i£^i -Uv^^-^A . (5.24) 



'2/=o (2m + l)(2m + 2) "^-"^ 

(2m + l)(2m + 2) 

We set (ii, . . . , is) = • • • , «s) and i^+i = ■ ■ ■ = 22m+2 = n in (I5.2ip . Then we 
substitute values (I5.22p and (I5.24p for the summands on the left-hand side of (I5.2ip and 
value (15.18P for the right-hand side of (15.21 p . In such the way we obtain the recurrent 
formula 

(2m - s + 2)(n + 2m + s - l)^;^') - s{s - lYv^'-"^^ = u^'\ 
In view of (I5.19p . this formula can be rewritten as 

2{m-s+l){n+2m+2s-l)v^^'^-2s{2s-l)iv^^'-^^ = (-j)""'^^^'"^ (5.25) 
(2m-2s+l)(n+2m+2s)t;(2^+^)-2s(2s+l)2f(2^-^) = {-j)"'-'u'^^"'+'^\ (5.26) 
Formulas (I5.25P and (I5.26P imply the following representations: 



s 

,(2s+l) 



^a(s,fc)^'=j'"-^+'u(2"), (5.27) 

fc=0 
s 

^6(s,A;)z^j™-^+^m('"+^), (5.28) 



k=0 

with some coefficients a{s,k) and b{s,k) which depend on n,m,s, and k only. The de- 
pendence on n and m is not indicated explicitly since the values of these two parameters 
are fixed in the proof. 
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Substitution of (15.271) and fl5.28p into fl5.25p and (15. 26 p . respectively, imply the following 
recurrent relations: 



a(s, 0) 
a{s, k) 

b{s,0)-- 
b{s,k) -- 



i-iy 



2(m - s + l){n + 2m + 2s - 1 
i2s - 1) 



(5.29) 



{m — s + l)(?T, + 2m + 2s — 1~ 

{2m-2s + l){n + 2m + 2s) 
2s(2s + 1) 



a(s — 1,A; — 1) for 1 < A; < s, 



(5.30) 



b{s -l,k-l) for 1 < A; < s. 



(2m-2s + l)(n + 2m + 2s) 

The coefficients a(s, k) and b{s, k) are uniquely determined by equations (5.29) and (5.30), 
and formulas (I5.27P and (I5.28P show that the tensors v'^'^^^ and t>(2'*+^) are uniquely deter- 
mined by and 

Finally, we have to prove the tensors f and t>(^*+^) satisfy the equations 

^{2s) ^ -^{28+2) ^ Q < s < m - 1, (5.31) 

^(2s+i) ^ _^-^{2s+3) _ Q < s < m - 1 (5.32) 

that are equivalent to the relation jf^lg^^ = in view of the first formula in (I5.18p . 
Applying the operator j to equation (I5.27p . we obtain 

s+l 

jy(2-+2) = ^a{s + 1, k)ji'T-'+''-^u^^"'\ (5.33) 

A;=0 

We transpose the factors j and i'^ on the right-hand side of f l5.33p with the help of 
Lemma 12. 2[ We have to set n := n — 1 and m := 2s — 2A; + 2 in the statement of the 
Itmma since jg i^j^g tensor of rank 2s — 2A; + 2 on the {n — l)-dimensional 

manifold dM. So we have 



jv 



(2s+2) 



s+l , 

5^a(s + l,fc)f 

fc=0 ^ 



fc(n + 4s-2fc + l) ^.fc_i 
(s + l)(2s + l) 



+ 



[s-fc + l)(2s-2A; + l) 



k ^m—s+k ^ ^{2m) 



[s + l)(2s + l) 



-^ J 



This equality can be transformed as follows: 



JV 



(2s+2) 



E 

fe=0 



[s-k + l){2s-2k + l] 
(s + l)(2s + l) 

(A; + l)(n + 4s-2A;-l) 



+ 



(s + l)(2s + l) 
Substitution of (ESZI) and (ICTD into (5.31) gives 

(s- A; + l)(2s-2A; + l 



a(s + 1, k) 

a(s + l, A; + l) 



k -m — s k {2m) 
ill 



(5.34) 



fc=0 



a(s, k) + 



+ 



(s + l)(2s + l) 
{k + l){n + As-2k- 1 



[s + l)(2s + 1) 



a(s + 1, k) 
■a(s + 1,A; + 1) 



jk jm-s+k^{2m) _ g 
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Since ■u^^™-' is an arbitrary tensor, the expression in the brackets must be equal to zero 
for all s and k, i.e., 



ais, k) + a{s + 1, k) 

+ ^^ + ]^^''\^'-^^-'K is + l,k + l) = for 0<fc<.<m-l. 



(5.35) 



(5.36) 



Similarly, (5.32) is equivalent to the equation 

(s-fc + l)(2s-2fc + 3), , ^ 

[s + l){2s + 3) 

(k + l)(n + 4:S-2k + l),, , , . 
+ -b{s + 1, A; + 1) = for < < s < m - 1. 

\S ~\~ lj(2r5 ~1~ LJ 

We have to prove the following statement: Being defined by recurrent formulas (5.29) 
and (5.30), the coefficients a{s,k) and b{s,k) satisfy equations fl5.35p and f l5.36p . re- 
spectively. This can be proved with the help of the following explicit formulas for the 
coefficients: 

;-l)'"-^-^s!(2s-l)!!(m-s)! 



a(s, k) 



b{s,k) = {-iy 



I (n + 2m + 2s-l)!! 

(n + 2m + 2s-2A;-3)!! 
^ is-k)\{m-s + k + l)\{2s-2k-l)\\' 

,_,,, g!(2g + l)!!(2m-2g-l)!! 
{n + 2m + 2s)U 

2^(n + 2m + 2s-2A;-2)!! 



(5.37) 



(5.38) 



(s-A:)!(2m-2s + 2A; + l)!!(2s-2A; + l)!!' 

Here we use the standard notation: 

{2ky.\ = 2''k\, {2k + l)\\ = {2k + l){2k-l)...l, (-1)!! = !. 

Formulas f l5.37p and f l5.38p are proved by substituting them into recurrent formulas (5.29) 
and (5.30) and checking the validity of the resulting equations. Then the validity of 
(I5.35P and fl5.36p is proved by substitution of values ( I5.37p and f l5.38p followed by a direct 
calculation. □ 

6. Proof of Theorems 1.6 and 1.7 

In this section, for a Riemannian manifold, we use the notions of a semibasic tensor field 
and the vertical and horizontal derivatives of such a field. The corresponding definitions 
are presented in [151 Ch. 3] (see also [H § 4] where the case of a Finsler manifold is 
considered as well). We denote the space of smooth semibasic (r, s)-tensor fields on TM 

by C~(/3JM), and V, V : C~(/3JM) ^ C°°(/3;+iM) denote the vertical and horizontal 
derivatives, respectively. 

Proof of Theorem 1.6. Let u G C°°(S'™'r|,j) be a trace-free conformal Killing tensor field, 
i.e., ju = and du = iv for some v G C°°{S"^~^t'h,j). We assume here m > 1 since 
the statement of the theorem is trivial in the case of m = 0. Define the function U G 
C^{TM) = C°°{f3^M) as follows: 

U{x,0=u.,...^Me'---e'-- (6.1) 
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The function is homogeneous with respect to C,, 

t/(x,tO= (6.2) 

and satisfies the kinetic equation 

HUix,0 = ■ ■ ■ (6.3) 

. h 

where H denotes differentiation along the geodesic flow, and HU{x,^) = ^^ViU. Since 
ju = 0, the function U satisfles the equation 

AU = 0, (6.4) 

V V V 

where A = V'Vi is the vertical Laplacian (see Lemma 2.4). 

V 

Let us derive the commutation formula for A and H. Since the vertical and horizontal 
derivatives commute, 

AHU= V*V,(e Vjf/) = V*(V,t/ + eViV,[/) =2V"ViU + H AU. 
By (16. 4p . this gives 

AHU = 2V'ViU. (6.5) 
We write the Pestov identity for the function U (see [T5] ) 

2{VU,VHU) - Vi[V'U -HU) = \ VU\^ + Viw' - R^{VU), (6.6) 

where 

R^{VU) = RijkieC'^'U ■ VU (6.7) 

and w is some semibasic vector fleld on TM. It depends on U quadratically but its value 
is not relevant now. Since the sectional curvature is nonpositive, we have 

R^i^U) < 0. (6.8) 

We transform the flrst summand on the left-hand side of equation (16.61) with the help 
of (16.51) as follows: 

h V h V 



2(Vf/, VHU) = 2V'U ■ Vi{HU) 

= Vi{2V'U ■ HU) - 2V''ViU ■ HU 
= - AHU ■ HU + Vi{2V'U ■ HU) 
= -ViV'HU -HU+Vi (2 V^f/ ■ HU) 



■Vi{V'HU ■ HU) + V'HU ■ ViHU + Vi{2V'U ■ HU) 



2 V , h 



= \ VHU\ + Vi{2V'U ■ HU -V'HU ■ HU). 
Substitute this value into (16.61) 

\VHU\'^ + Vi{V'U ■ HU - V'HU-HU) = \ VU\'^ + Viw' - R^{VU) . 
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We integrate this equality over QM versus to the Liouville volume form (iE and transform 
the integrals of divergent terms by the Gauss-Ostrogradsky formulas (see [151 Theorem 
3.6.3]) 

(\VHU\'^ + {n+2m){^,\/U-VHU)HU^ = ! (^VU\^ -R^{VU)^ dT.. (6.9) 

h V 

The coefficient (n+2m) appears here because the semibasic vector field {VU —V HU^HU 
is homogeneous of degree 2m + 1 in ^. With the help of the Euler formula for homogeneous 
functions 

{i.VHU) = {m + l)HU (6.10) 

h 

and of Vt/) = HU , formula (16. 9 p takes the form 

f (\VHU\^ -m{n + 2m)\Huf)d'L= [ (| - W)) rfS. (6.11) 
JnAi ^ ' JnM ^ ' 

Now, we estimate the left-hand side of (16. lip as follows. At an arbitrary point (x,^) G 

V 

r2M, we represent the vector VHU in the form 

VHU = X^ + V^HU, {^,V^HU)=0. (6.12) 

Here A = A(x,^) is some scalar function. The second summand of the representation has 
a clear geometrical sense: If ^px = HU\^ is a restriction of HU to the unit sphere ^l^M 

V 

then V^HU{x,C,) = Vipx{0 gradient of the function ip^ at the point ^ G Q^M. 

Formula (16. 3p implies that ipxiO = '^ii---v^^_j^i^)C^ ' ' ' C""'^ ■ Applying the Euler for- 
mula (I6.10p . we see that A = (m + 1)HU. Thus, (I6.12p implies 



By Green's formula. 



\VHU\ = (m + l)2|i7[/p + |V^^|l (6.13) 



|VV^^prfw(0 = - / Va;A^V^rfa;(0, 



where Aj^ is the spherical Laplacian on VL^M . The eigenvalues of — are A^ = k{n+k—2), 
k = 0,1, . . . , and the spherical harmonics of degree k are the eigenfunctions corresponding 
to Afc. Since is a polynomial of degree m — 1, the last integral can be estimated as 
follows: 

/ \V^x\^du{0 = - I ^xA^^xduiO 
Jn^M Jn^M 

< sup Afc / |V^^.pda;(0 

k<m-l JQxM 

= (m - l)(n + m - 3) / \HU\^duj{0. 

Jn^M 

Together with (16.131) . this imply 

/ (\VHU\^ -m{n + 2m)\HU\'^)dE<-{2m + n-4:) I \HU\^ dT.. 
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Taking this inequality into account, we derive from f l6.1ip 

-{2m + n-A) [ \HU\^d'L>f [\VU\^ - R^{VU)) dL. (6.14) 
Jnu JnM ^ ' 

The coefficient (2m + — 4) is nonnegative since m > 1 and > 2. Hence the left- 
hand side of f l6.14p is nonpositive. At the same time, the right-hand side of fl6.14p is 
nonnegative in virtue of fl6.8p . Thus, both sides of fl6.14p are equal to zero. In particular, 

h 2 ^ 

\VU\ - R^{VU) = on VlM. Applying (EH]) once more, we obtain 

R^iyU) = (6.15) 

h h 

and Vt/ = on VlM. Hence, VU is identically zero on TM. Now, (16.1 p implies = 

h 

ViU = ViMii..i„^*^ ' *'". Thus, Vm is identically zero on M, i.e., u is absolutely parallel. 

Now, we prove the statement: u{xo) = if all sectional curvatures at the point xq are 
negative. This implies u = since u is absolutely parallel. 

V 

Given ^ G flxo: like in f l6.12p . we represent the vector Vf/(xo,0 form 

vf/(xo, = /i(oe + ^^u{xo, 0, (e, ^^u{xo, 0) = 0. (6.16) 

V 

Here /i is some scalar function. We claim V"'"f/(xo,0 = ^ ^ ^^^o- Indeed, assume 

V 

V^U{xo,^) 7^ for some ^. Then, substituting (I6.16P into (16.70 and using symmetries of 
the curvature tensor, we infer 

R^{V^U{xo, 0) = K{xo, e A VU{xo, 0) | V^f/j' < 0- 

Here i^(xo,^ A Vf/(xo,0) is the value of the sectional curvature at the point Xq in the 

V 

two-dimensional direction ^ A Vf/(xo,0- The last inequality contradicts (I6.15p . 
Hence, V-^U^Xq,^) = for all ^ G flxo- This means that 

t/L ,=c = const. (6.17) 

In the case of an odd m, the constant c must be equal to zero since the function U (x, ^) 
is odd in ^. In the case of m = 2/ > 0, (16.10 and (16.170 imply u[xq) = cgK The condition 
ju = implies c = 0. Thus, m(xo) = for all m. 

We have proved the statements of Theorem 1.6 concerning trace-free conformal Killing 
tensor fields. We now prove the statements of the theorem concerning a Killing field by 
induction in the rank m of the field. 

The statements are valid in the cases of m = and of m = 1 since a Killing vector field 
is a trace-free conformal Killing field as well. Assume m > 2 and let u G C°°{S''^tm) be 
a Killing tensor field of rank m. Represent u in the form 

u = u + iv, (6.18) 

where u satisfies the condition ju = 0. So, -S is a trace-free conformal Killing field, and 
thus, Vm = 0. Applying the operator d to (I6.18p . we obtain idv = 0. Hence, dv = 0, i.e., 
is a Killing field. We obtain Vf = by the inductive assumption. So, both summands 
on the right-hand side of (I6.18P are absolutely parallel, and u is also an absolutely parallel 
field. 

The remaining statement on Killing fields is proved in a similar way. □ 
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Proof of Theorem 1.7. We now need the following corollary of Theorem A from [5] (see 
also the remark after formulation of the theorem in [5]). 

Proposition 6.1. Let {M,g) be a closed Riemannian manifold without conjugate points. 
Let h e C°°{M) and 9 G C°°(r;^). If the equation 

HU{x, = h{x) + 9,{x)C, {x, e QM, 

has a solution U G C°°{QM) then h = and 9 is an exact 1-form. 

Assume now u to be a conformal Killing covector field, i.e., 

du = iv (6.19) 

for some function v on M. Define the function U G C°°{QM) by 

u{x,o = u.{x)C, {x,OenM. 

As follows from fl6.19p . U satisfies the kinetic equation 

HU{x,i) = v{x) on nM. 



Applying Proposition 16.11 we obtain v = 0. Since 

{duix)).^e^^ =HUix,O=vix)=0, 

we see that du = 0, i.e., m is a Killing covector field. If the geodesic flow of {M,g) has a 
dense orbit in QM then HU = implies U = const. This means that u = 0. 

Assume now m to be a trace-free conformal Killing symmetric field of rank 2, i.e., 

du = iv, ju = 

for some covector field v. Define the function 

u{x,o = u,,{x)ee 

on QM. It satisfies the equation 

HU{x,0 = Vi{x)C, {x,0 e QM. (6.20) 

By Proposition 16.11 v is an exact 1-form, i.e., 

v = d<^ (6.21) 

for some function on M. Formulas fl6.20p and fl6.2ip imply 

d{u-^g) = 0. (6.22) 

Since ju = 0, this means u is the trace-free part of the Killing field u — (pg. On the other 
hand, the trace-free part of a Killing tensor field is obviousely a trace-free conformal 
Killing field. 

If the geodesic flow (M, g) has a dense in QM orbit then u—(pg = eg for some constant c, 
as follows from fl6.22p . Together with the condition ju = 0, this means u = 0. Theorem 
1.6 is proved. □ 
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7. Comparison of differential operators modulo low order terms 

In our studying differential operators on tensor fields, we will usually ignore low order 
terms. In order to simplify the exposition, we introduce the following notation: If A 
and B are two differential expressions, we write 

Au = Bu (mod V'^n) on A 

if there exists a differential operator L^^'^ of order k such that 

Au = Bu + L^'^'^u 

for all tensor fields u belonging to the subspace A of the space C°°{®*t'). The choice of 
the subspace will be mostly clear from the context. Similar notation is used for differential 
operators depending on several variables. 



Lemma 7.1. For k > 1 and u G C°°((8)™r''' 



^h...hU^,,„i^ = a{]i . . .jk) {Vj,.,.j^Ui,,„i^) (mod V 



k-2 



U . 



We omit the proof that can be easily carried out by induction in k starting from the 
following formula for the second order derivatives: 

m 



a=l 



(7.2) 



where {Rijf^) is the curvature tensor. 
Lemma 7.2. For v G C~(^'"r') and p > 0, 

X V,„_,+„„i„,,^^+„..,„+^(dPt;),,...i_,j,...j,^^ (mod V+P-'t;) 
Proof. Define the tensors u and / as follows: 

Ui^...i,njl---jpkl...km ~ '^(j'l • • • Jp^l • • • km)'^ jx...jpki...km'^i-i...im^ 
fii...imji---jpki...km ~ (^{H ■ ■ ■ imjl ■ ■ ■ jp)<^{ki . . . fcm) ...jpfcj^ ...fe^f j-^ ...j^ . 

By Lemma [7. Ij we have 

Vj,...j^ki...kmVh...i^ = Ui,,„i^j,,„j^k,...k^ (mod V'^+P-^w). (7.3) 

Applying the operator a{ii . . . imji ■ ■ ■ 3p)ci{ki . . . k^) to this equation and using fl7.2p . we 
obtain 

(t(zi . . . imji . . . Jp)Mn..i„ii...ipfci...fe,„ = fh...imji...jpk,...k^ (mod V"'+p~\). 
Hence, u and / satisfy the hypotheses of Lemma 2.1. Application of the lemma gives 

«n...Wi...j™+p =^(H---V)^(ji...Jm+p)2](-l)'(^ )\rri-l) 

X /n.....-o...W^-.+i...«^ (mod V-^+^-^t;). (7.4) 
From (17.21) and Lemma [7. Ij we deduce 

fh...imji...jpk,...k^ = (T{ki . . . A;m)(Vfe,...fe„(rf^t;)i,...i^ji...jJ (mod V™+P"\0- 

Substituting the last expression into fl7.4p and using equality (17.31) . we obtain the state- 
ment of the lemma. □ 
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Lemma 7.3. Let ui G C°^((S)™'*t') for 1 < i < k. If, for every i, there exists Pi > 1 such 
that 

W^Ui = (mod • • • , V*"="^Mfe) 

and Ui{xo) = 0, Vuj(xo) = 0, . . . , V^'~^Ui{xQ) = at some point Xq of a connected 
manifold M then all the fields Ui are identically equal to zero. 

Proof. We present only the scheme of the proof without details. In order to show that Ui 
vanish at some point Xi, we connect the points Xq and Xi by a smooth curve x{t). The 
components of tensors Uiit) = Ui(^x(t)) satisfy a linear homogeneous system of ordinary 
differential equations with homogeneous initial conditions. The order of the system with 
respect to Ui{t) equals pi and the system is solved with respect to the highest order 
derivatives. This implies the statement of the lemma. □ 

The last two lemmas imply the following proposition. 

Lemma 7.4. Assume M to be connected and Ui G C°°(5""'r'), 1 < i < k. If for every i, 
there exists Pi such that 

dP^Ui = (mod VP'-\u • • • , ^"""'^Uk) 

and 

u,{xo) = 0, Vui{xo)=0, V"^'+^'»-V(xo) = 

at some point xq then all Ui are identically equal to zero. 

8. Commutation formula for d and 5. The operator A 
Let the operator A : C^^S'^t') C^^S'^t') be defined as follows: 

{^u)i,...,^ = g^^'V jkUi,..,^. (8.1) 

This differential operator has the order 2 and the degree 0, and acts on sections of the 
fiber bundle S*t'. Probably, (17. 2p is not the best definition of the Laplacian, and some zero 
order terms should be added to the right-hand side like for the Laplacian on differential 
forms. However, the most of our statements concerning A are formulated modulo low 
order terms, and such statements are independent of low order terms on the right-hand 
side of (EH). 

Lemma 8.1. The operator ^ is formally self-adjoint and satisfies the relations 

Ai = iA, (8.2) 
Aj = J A, (8.3) 
A^d'^u = d^A^u (mod V^+2'~\), (8.4) 
A'6''u = 6^A'u (mod V'=+''-\). (8.5) 

Proof. As follows from Green's formula, for u,v & C^{S*t'), 

{Au,v)l2 = -(Vm, Vt;)L2. 

This implies the first statement of the lemma since the right-hand side of the last formula 
is symmetric in u and v. Equality (18. 2p is proved by a direct calculation in coordinates 
which is omitted, and (18. 3 p follows from (18. 2p since these relations are dual to each other. 
We now prove (18. 4p in the case of k = I = 1. For u G C°°{S"^t'), we have 

(Adw),,. = (r{ii . . . im+i){g^''Vjki^+rUi,,„iJ, 

{dAu)^,,„^^^, = (t(zi . . . ini+l){g^''Vi^+dkUi,...iJ- 
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By Lemma 7.1, the right-hand sides of these equahties coincide modulo Vm. This proves 

(8.4) for k = I = 1. In the general case, (8.4) is proved by induction in k and /. Formula 

(8.5) follows from (8.4) by conjugation. □ 

We define the operator R G Hom(S'*r', S*t') by setting 

m 

a=l l<a<b<in 

for u G S'^t'. Here (Rijki) is the curvature tensor, and = g^^Rkiji) is the Ricci tensor. 
The second sum on the right-hand side is absent in the case of m = 1, . 

Lemma 8.2. The following commutation formula holds on C°°{S"^t'): 

5d = -^—(md6 + A-R). 

m + V ' 

Proof For u G C°°(5"r'), we have 

{m + l){6du),,...,^ = (m+ l)^?*™+i^-+^V,„+,(dn),„,,„^, 

V- V- ■ 4- S^V- ■ II 

^ «m + 2«m + l "n-.-iTii ^ / , ^ «m + 2«a"ii..ia..im+l 

a=l 

This can be written in the form 

a=l 

m 

/ .y \^ talm + 2 ^ ^m+2^a)^i^...ia■■■in^ + l■ 

a=l 

Denote the last sum on the right-hand side of this equality by and rewrite the 

formula as 

(m + l){5du)i^,„i^ = {Au)i,,„i^ + m{d6u)i,,„i^ - Ai^,„i^. (8.6) 
According to (17. ip . we have 



m m+1 



A, . _ „«m+lim + 2 \^ \^ pP 



i + 2«o ii...ia---ib-ipib+i---im + l ' 



a=l 6=1 



We distinguish the summands corresponding to 6 = m + 1 . Then 

m 

A- ■ (frn+lira + 2I3P _ 

a=l 

I 2 \^ fjim + lim + 2DP y ^ ^ ^ ( JDy) . . 

l<a<b<m 

The statement of the lemma immediately follows by substituting the last expression 
into dH]). □ 

We are going to use only the following corollary of Lemma 18.21 
m 1 

Sdu = d5u + Au (mod u) for u G C°°(5™r'). (8.7) 

m + 1 m + 1 ^ ^ 
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Lemma 8.3. For arbitrary nonnegative integers m, k, and I, the equality 

5U'u = ^'■(^ + \-jy- V C") f , ) d^'^m^-^u (mod V^--\) (8.8) 
{m + k)\ ^\pj\l-pj ^ ' ^ ' 

holds for all u G C°°(S''"r'). The summation in (18. 8p is taken over all integers p under 
the agreement: 



for j < or i < j, and i! = for i <0. (8.9) 



Proof. Equality (18. 8p is trivial for k = or I = 0. For A; = / = 1, it coincides with (18. 7p . 
In the case of / = 1 and and of an arbitrary k, (18. 8p looks as follows: 

Sd'^u = -^^dHu + —^d''-^Au (mod V^-'n). (8.10) 
m + k m + k 

The trivial case m = = is not considered here. We prove (I8.10p by induction in k. 
Assume (I8.10p to be valid for some k > 1. Then 

Sd'^^'u = 5d\du) = ( ""t^ d''S + d'^-'A (mod V''-')] du 

\m + k + l m + k + 1 ^ 'j 

d''5du+ ^ d^'^Adu (modVM- 



m+k+1 m+k+1 
Taking (18. 4p and ( 18. 7p into account, this gives 



^rf^+^M = + ^ ^ ^^^^ 1 — (modw)) 

m + k + 1 \m + 1 m + 1 J 

k 

H d^A u (mod V^u) 

m+k+1 ^ ' 

^ .rffc+i5^ + _^±l_rf^AM (modV'^M). 



m+k+1 m+k+1 

The last relation coincides with (I8.10p for k := k + 1. Hence, (I8.10p is proved. 

Equality (18. 8 p is trivial for Z > A; + m since, in this case, both its sides are equal to 
zero. Hence it suffices to prove ( 18. 8p for 1 < I < k + m. We use induction in /. For 
/ = 1, equahty (18. 8p is already established. Assume now that (18. 8p is satisfied for some 
1 <l <k + m. Then 

*'«<i'u = m'n) = E (p) (, "p) (i'i-'Wi'-^n (mod V'+'-'u). 

Using (I8.10p and (18. 5p . we transform the last formula to the following one: 

^z+i^fc^ ^ l\{m + k-l)\ sp(^\( ^ 
{m + k)\ ^\p)\l-p 



X 



V 

u _ ^ 1 



m — I + k m — I + k 



mod V^+'-^M . 



Combining the first summand in the brackets of the pth term and the second summand 
of the {p — l)th term, we arrive to (18. 8 P for /:=/ + !. □ 



CONFORMAL KILLING TENSOR FIELDS 35 
Lemma 8.4. For arbitrary nonnegative integers m and k, the equality 

6Hu = -(2k(m-k + 2)d6''~^u + k(k-l)A6''-\ 

(m+l)(m + 2)V ^ ^ ^ ^ 

+ {m-k + l){m-k + 2)i5''u) (mod V'^-^m) (8.11) 



is valid for all u G C°°(^'"r'). If m + k > 2 then 

jd^u = — ^— ( 2kmd''~^6u + k{k - l)d''-^Au 

[m + k — l)[m + k) \ 

+ m{m - l)d''ju) (mod V'^'^). (8.12) 



Proof. These equalities are dual to each other. Hence it suffices to prove the second one. 

We prove fl8.12p by induction in k. This equality is trivial for k = and coincides 
with (3.6) for k = 1. Assume fl8.12p to be valid for some k > 1. Then 

jd'^+^u = ijd^)du = — ^ ( 2k(m + l)d^-^5du + kik - l)d^~^Mu 

[m + k)[m + k + 1) \ 

+ m(m + Vjd^jdu) (mod V^~'^u). 



Transforming each summand on the right-hand side according to Lemmas 18.31 18.11 
and 3.3, respectively, we arrive to fl8.12p for k := k + 1. □ 

9. Proof of theorem 1.1 in the case of n = dim M > 3 

In the case of m = 0, equation (1.3) reduces to du = Q for a scalar function m, and 
Theorem 1.1 is obvious in this case. Hence we assume m > 1 in this section. 

Roughly speaking, the next lemma allows us to eliminate u from equations (1.2)-(1.3). 

Lemma 9.1. Let u e C°°(5'"r') and v e C~(5'"^V) satisfy (1.2)-(1.3). Then 

{n + 2m~A)d"'+\ = i{{m-l)d'^5v-d'^-^Av) (mod V™m), (9.1) 

jv = 0, (9.2) 
v = Q (mod Vm). (9.3) 

Proof. Applying the operator j to equation (1.3) and using Lemma 3.3, we obtain 

(m + l)jiv = (m + l)jdu = 26u + (m — l)dju. 
Since ju = 0, this gives 

V = -^{jz)-^6u. (9.4) 

m + 1 

Observe that j{6u) = 6ju = 0. Applying Lemma 2.2 to 6u, we obtain 

^ 2{n + 2m - 2) 

Substitute this expression into (19. 4p to obtain 

V = 6u. (9.5) 

n + 2m-2 ^ ^ 

In particular, this implies (19. 2 p and (19. 3p . 

In order to prove (19. ip . we introduce the temporary notation / = iv. Equation (1.3) 
can be written as du = f. The latter equation can be solved in V™^^m. Indeed, applying 
Lemma [7.21 with p = 1, we obtain 
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™ fm+l\ 

^ h...j^+^Ui^...im = ^(^1 • • • ^m)(^(jl • • • Jm+l) V + 1 / 



X V,- , , , i,,^ i , 1 f,-, ,1, 1,,-, (mod V"^ ^u). 



(9.6) 

Our further arguments are different in the cases of m = 1 and of m > 1. We first 
assume m > 1. We contract equation (19.61) with g^-^-^"^"^ (i.e., multiply this equation by 
gim-iim g^]^^ take the sum over im-i and 1^)- In virtue of the equality 



9 



'^m — l^i 



■«m-2 



0, 



we obtain 



m+l 



1=1 



I 



9 



X a{ii . ..ira)V 



1 fil- 



■1'm-l + in---Jl 



(mod 



(9.7) 



Using Lemma [TT] and the equality f = iv = (mod Vm) which follows from (19. 3p . we 
can permute the indices in each factor of the product 



*m-i + 2---«mJi + l---Jm + 



1 /ii.. 



*m-;+lJl---j! 



without violating equation (19. 7p . Using this observation, we divide all summands of the 
sum in (19. 7p to three groups so that the indices im-i and im belong to the first (second) 
factor in all summands of the first (third) group, and belong to different factors in the 
summands of the second group. Rename these indices as im-i = Pi and im = P2 for 
clarity. In such the way we obtain 

m+l , I -1 \ 

Oill . . . Z™-2)^(jl . . . J^+l) 5^(-l)' \ ] ] 9"'"' 

1=1 \ y 

^ ( ~ ~ '^)'^i,n-l + 2---'i'm-2jt + l---jm+lPlP2fil---im.-t + ljl---jt 

+ 2(1 — l)(m — / + l)Vj^_;^^,.,j^_2j;_^i...j„ + ip2/n...jm-!il---iiPl 

+ (m-/)(m-/+l)V,^_,„,i„_2j_„.j„+Ji,...i^ , ..,-,„,„,) = (modV""^ 



'm-!---«m-2j; + l---Jm + l J«l---«m-!-lJl---J;PlP2 J " V^^^'-'^ ^ 

Now, we symmetrize this equation in all free indices (i.e., apply the operator 

a{ii . . . im~2ji ■ ■ -jm+i))- Changing simultaneously notations as ji = im-i, ■ ■ -Jm+i 

i2m-i, we get 

m+l 

a{ii . . .i2m-i) y^ ( 



X 



1=1 

~ ^ 2) Vi^^2---«2m-lPlP2/n---'m+l 

+ 2(/ — l)(m — / + 1) Vi^^;^...j2„_ip2/n---«mPl 

+ (m - /)(m - / + l)V,^...i2„_ Jii...i„_ipip2 



(mod V 



m—l 



U . 



Observe that, for different values of /, the values of the first (second, third) summand in 
the brackets differ only by some factors. So the equation is transformed to the following 
form: 



(j(il . . . i2ni-l) ^Q'Vi^^2...j2m-iPiP2/jl...im+l • • •*2m- 1P2 /« 1 ■ ■ ■ ^rnPl 

+ cV.„.....„_ Jn....™-.PiP2)^?"^"^ = (mod W-'-'u) 



{91 
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where rn+i 



j:(-i)i"'i%'-m-2)^-2, 

1=1 ^ ^ 

m+l / 

2E(-i)'(' 



1=1 

m+l 

. / m -I- I \ 

(Z-l)(m-Z + l) = 2(m + l), 



J /m + 1 



m+l ^ _|_ 1 \ 

^ j (m - /)(m -/ + !) = -m(m + 1). 



m+l 

C = 

1=1 

Substituting these values for the coefficients, we write (19.81) in the coordinate-free form 

2d™-2A/ - 2(m + + m(m + l)rf'^j7 = (mod V^'^u). (9.9) 

We recall that f = iv and express all summands of (19.91) in terms of v. Lemma 2.2 
and (19.21) imply 

2(ra + 2m-2) 

Jf = Jtv = ^ , ' v. 9.10 

m(m + 1) 

With the help of Lemma 13. 3^ we deduce 

2 m — 1 

5f = 6iv = dv + i6v. (9.11) 

m + l m + l 

Since the operators i and A commute, we have 

A/ = Aiv = iAv. (9.12) 

Substituting (I9.10p - (l9.12p into (19. 9p and using the commutation formula di = id, we 
arrive to the relation 

{n + 2m-A)d"'v = i{{m-l)d"'-^6v -d'^-^Av) (mod V"~M- (9-13) 

Applying the operator d to this equation, we obtain (19. ip . 

Let us now consider the case of m = 1. Equation (19. 6p takes the form 

^j2hUi = + ^jzfij2 - ^ifi2h (mod U). 

After differentiation we obtain 

jijijs'^i ~ '^jij2fijs ~^ '^jij3fij2 ~ jiifj2ja (niod Vit). (9.14) 



According to Lemma 19. H the third order derivatives satisfy the relation 

^jijijsUi — V j^j^j.^Ui = (mod Vu). 
Inserting (19.14p into the last equation, we obtain 

j\hfij2 ~^ ^ij2fjij3 " ^j2j'ifiji ~ ^ij2fj2j3 ~ ^ (mod Vm). 

Now, substituting f = iv, we deduce 

9ij2^jd3V + Qn-nVij^v - Qij^ nr,v - gj^.Vij.v = (mod Vm). 

Contracting this equation with g^^^^, we arrive to the formula 

{n — 2)Vijf = —{Av)gij (mod Vm) 

that coincides with (19. ip for m = 1. □ 

Observe that, in the case of m > 1, we have established relation (19.130 which is stronger 
than that of Lemma (19.10 . 

The next statement plays the main role in the proof of Theorem 1.1. 
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Lemma 9.2. Assume u G C°°(5'"r') and v e C°°(5"^-V) to satisfy (1.2) and (1.3) for 

m > 1. Then, for every integer I such that < I < 2m, the equation 



P2 



Pi 



apd^'-^+P+^A^^PdPy = I ^ fepd'^^'+P-^A'-P+^^Pt; (mod V 



(9.15) 



p=pi 



P=Vi 



is valid with some rational coefficients ap = ap{n,m,l) and bp = bp{m,l). Here the 
summation limits are defined as follows: 



Pi = pi{m, I) = max(0, 1 — m — 1), 
P2 = P2{fn, — iiiin(m — 1,1), 
Ps = Psi'iTT', = niax(0, / — m + 1), 
Pi = Piijn, I) = min(m — 1, / + 1). 

The coefficients and not equal to zero. 

Proof. Apply the operator 5' to equation (19.1 p 

{n + 2m- 4)6^d'^+h = 6^i{{m - l)d"'6v - d'^-^Av) (mod V 



(9.16) 



m+l 



U 



We transform the right-hand side of this equahty with the help of Lemma 18.41 and obtain 
2m(2m - l)(n + 2m - 4)5'd"+^i; - 2/(2m - /)(m - l)d6^-^d"'6v 

-l{l-l){m-l)A6^-^d'^6v + 2l{2m-l)d6^-^d"'-^Av + l{l-l)A6^-^d'^-^6v 



(2m - /)(2m - / - \)i{{m - \)b^d'^bv - b^d'^-^Av] (mod V 



Taking (19. 3 p into account, we transform each summand on the left-hand side and the 
summands in the brackets to the form d^'A^d^v by using the commutation formulas for 
powers of d, 5, and A (see Lemmas I8.1l and l8.3p . Elementary but cumbersome calculations 
lead us to equation (I9.15P where the summation is taken over all integers p under the 
agreement d^ = 5^ = A^ = for k < 0, and the coefficients are as follows: 



(n 



2m -4) 



m + l 



P 



P 



— (m — 1) 



, m 



m 

-1 

m 
-p- 



m — 1 
l-p-2 

m — 2 
p — 1 



m — 1 
P 



(9.17) 



m 



m 
P- 



m 
P- 



m — 1 
I — p 



m — 1 
P 



(9.18) 



Agreement i^Mi is used in f l9Trp and (gA8^. 

Elementary arithmetical analysis of formula (I9.17P shows that the coefficients ap can 
be nonzero for Pi < p < P2 only, where pi and p2 are defined in fl9.16p . and a^^ and 
are definitely nonzero. Similarly, f l9.18p implies that bp can be nonzero for P3 < p < P4 
only. □ 



Proof of Theorem 1.1. Recall that we assume m > 1. First we prove by induction in k 
the equality 

^^+k^m-k^ = (mod V^'^+'^-^m) for 0<k<m. (9.19) 
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The equality is trivial for k = since 6"^v = 0. Assume fl9.19p to be valid for k = 
0, . . . , s — 1 < m. We write flQ.lSp for I = 2m — s + 1 as follows: 

m— 1 m— 1 

apd'+P-'^A^'^-'+P+^SPy = i Yl bpd'+P-'^-^A^'^-'-P+^dPv (mod V^'"-"+^n). 

p=m—s p=m—s+2 

We apply the operator A'^^^ to this equality and transform all terms of the resulting 
formula to the form (T A'^d^v with the help of (18 ■4p . By Lemma I9.2[ a^-s 7^ 0. We 
distinguish the first summand on the left-hand side and write the result as follows: 

m— 1 

p=m—s+l , , 

9.20 

m— 1 ^ ' 

= i Y b'pd'+P-'^-^A^"''-'P+^SPv (mod V^™+'-^m). 

p=m—s+2 

By the inductive hypothesis, 

^m+k^m-k^ = (mod V=^"+'^~^m) for 0<k<s-l. 
Setting k = m — p here, we have 

^2m-p^p^ = (mod V^"'-p-^m) for m - s + 1 < p < m - 1. 
Applying the operators d'^~^^~"^ and t/«+p-™-2/\ this equation, we obtain 

^s+p-m^2n,-p^p^, = (mod V^'^+'-^u) for m - s + 1 < p < m - 1, 
^s+p-m-2^2m^p+i^p^ (mod V^'"+'-^m) for m - s + 2 < p < m - 1. 

Both sums on fl9.20p are equal to zero (mod V^''^~^'^~^u), as follows from the last two 
equations. Hence, 

A"'+'5"'-\> = (mod V^™+'-^m). 

This coincides with fl9.19p in the case of = s. This completes the inductive step. 
Thus, fl9.19p is proved. 

Now we prove the equality 

^m+2r+k-i^2m-r-k^k^ ^ q ^^^^ V^'""^) for < r < 2m, < k < 2m - r (9.21) 

by double induction in r and k. 

Setting k := m — k in fl9.19p . we have 

^2m-fc^fc^ = (mod V^^-'^-^m) for < k < m. 

Applying the operator d^^^~^ to this equality, we obtain fl9.2ip for r = 0. 
Assume now fl9.2ip to be valid valid for 0<r<s — 1< 2m, i.e., 

^m+2r+k-i^2m-r-k^k^ ^ q ^^^^ V^^-^m) for < r < s - 1, < A; < 2m - r. (9.22) 

We are going to prove fl9.2ip for r = s. To this end we write down f l9.15p for / = (this 
is exactly (19. ip ) as follows: 

(n + 2m - 4)rf"+^w = i{{m - l)d'^5v - d""^Av) (mod V^u). 
Applying the operator (^2s-2^2m-s ^j^jg gq^^lity, we obtain 

(n + 2m - 4)d"'+^'-^A^'''"v 



i{{m- l)d"'+^'-^A^'^-'5v - (T-^'-^A'^'^-'+^v) (mod V 
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Setting k = and r = s — 1 in (19 .22 p . and then setting k = 1 and r = s — 1 in fl9.22p . 
we see that the right-hand side of the last formula equals zero (mod V^'"~^m). We have 
thus proved (I9.2ip for r = s and k = 0. 

Assume now (I9.2ip to be valid for r = s and 0<A;<t — 1< 2m — s, i.e., 

^m+2s+k-i^2m-s-k^k^ ^ q ^^^^ V^'^'^u) for 0<k<t-l. (9.23) 

We are going to prove (I9.2ip for k = t. 

If t > m, then (I9.2ip is obviously true for k = t, since 6*v = in this case. Therefore 
we assume 

t < min(2m - s,m - 1) (9.24) 

Recall also that 

1 < s < 2m. (9.25) 

Let us write down (I9.15P for I = t. By (I9.24p and fl9.25p . this equation takes the form 

t Pi 

apd^'-'+P+^A'-PSPy = i ^ bpd'^-'+P-^A'-P+^dPv (mod V™+*m), (9.26) 

p=0 p=0 

where 

P4 = mm{m-l,t + l). (9.27) 

According to Lemma 19. 2[ the coefficient at in fl9.26p is not zero. We distinguish the last 
summand on the left-hand side of (19.261) and apply the operator (^2s+t-2^2m-s-t ^j^jg 
equation 

t-i 

p=0 

Pi 

= iJ2b'pd"'+^'+P-^A^"'-'-P+^6Pv (modV^'"-\). (9.28) 

p=0 

The sum on the left-hand side of (19.281) equals zero (mod V^™~^n) by the inductive 
hypothesis f l9.23p . We shall prove the same for the right-hand side. 
Setting r = s — 1 and = p in f l9.22p . we obtain 

^m+2s+p-3^2m-s-p+i^p^ (mod V^^^-^m) for < p < 2m - s + 1. (9.29) 

Inequalities f l9.24p and f l9.27p imply p4 < 2m — s + 1. Therefore all the summands 
on the right-hand side of fl9.28p are equal to zero (mod V^™~^m) according to (I9.29p . 
Hence, f l9.28p implies 

^m+2s+t-1^2^-s~t^t^ ^ Q ^^^^ V^'^-^m). 

We have thus proved (19.231) for k = t. This completes the inductive step in k and r. 
Thus, (I9.2ip is proved. 

Setting r = 2m and /c = in f l9.2ip . we obtain 

^5m-i^ = (mod V^"'-^). (9.30) 

According to (1.3), we have du = (mod v). Applying the operator d^"^~'^ to this equality, 
we deduce 

^5m^i^ = (mod V^'^-^v). (9.31) 
We write the initial conditions (1.4) in the form 

u{xo) = 0, Vm(xo) = 0, . . . , V^"^-^m(xo) = 0. (9.32) 
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From (HJl) and f l932|) . 

v{xo) = 0, Vv{xo) = 0, . . . , V^'^-^t;(xo) = 0. (9.33) 

We have thus proved that u and v satisfy equations fl9.30p and f l9.3ip and the initial 
conditions (19.321) and (19.331) . Applying Lemma [731 we obtain u = v = This finishes the 
proof of Theorem 1.1 in the case of n > 3. □ 

Recall that the highest order of derivatives in the initial conditions (1.4) is denoted by 
l{m). We have shown in the proof that 

l{m) < 6m — 2 if m > 0. 

As was mentioned after the statement of Theorem 1.1, this estimate is not sharp. The 
exact value /(m) = 2m was found in [21] for m = 2, and in |6j for an arbitrary m. In 
the same papers, the upper bound 

{n + m — 3)\{n + m — 2)\{n + 2m — 2)(n + 2m — l)(n + 2m) 

m\{m + l)!(n — 2)!n! 

was established for the dimension of the space of trace-free conformal Killing symmetric 
tensor fields of the rank m on a manifold of dimension n > 3. Both the estimates are 
sharp and become equalities in the case of a conformal fiat manifold. 

10. Spherical harmonics Fourier series expansion 
OF solution to the kinetic equation 

Let M be a Riemannian manifold. Recall the operator 

A : c°°{s*t') c°°{n) 

was defined in Section 2. Let H be the vector field on T = TM which generates the 
geodesic fiow. The field is expressed by (1.9) in local coordinates. The field is tangent 
to the submanifold f2 C T at points of the latter submanifold. Hence the field can be 
considered as a differential operator H : C°°{Q) — )■ C°°{Q) on the submanifold. 

Lemma 10.1. The following equality holds on C°°{S*t'): 

\d = HX. (10.1) 

Since A and H are restrictions to Q of some operators defined on T, it suffices to prove 
the equality 

xd = H>i, (10.2) 
where H is considered as an operator on T, and the operator x : C°°{S*t') — )■ C°°{T) has 
been defined in § 2. The last equality can be easily checked by calculations in coordinates, 
and we omit the calculations. 

Now, assume functions U,F & C°°{Q) to be linked by the kinetic equation 

HU = F. (10.3) 

From (110. 3p . we will deduce some equations that relate the Fourier series of the functions 
U and F. 

By Lemma 2.5, the functions U and F can be uniquely represented by the series 

oo 

t/=^AM^, Um&C^iS'^r'), jum = 0, (10.4) 

m=0 
oo 

F = J2XU, UeC^{S"^T'), jU = 0. (10.5) 

m=0 
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As well known [T7] , the Fourier series of a sufficiently smooth function on a sphere can be 
termwise differentiated with respect to the coordinates of a point of the sphere. The same 
is true for the differentiation with respect to the coordinates of a point x G M which play 
the role of parameters in the series. Hence, (110.41) implies 



oo 



HU=2_^ HXum (10.6) 

m=0 

and the series converges absolutely and uniformly on any compact subset of VL. 
According to Lemma [lU.H we have 

HXum = Xdum- (10.7) 

The condition jum = is equivalent to pum = Um- The last equality and Lemma 3.4 
imply 

dUm = dpUm = pdUm H — ^lOpUm = pdUm H — -^OUm■ 

n + 2m — 2 n + 2m — 2 

Apply the operator A to this equality and use Lemma 2.4 to obtain 

Xdujji = Xpdum + 

Comparing this formula with fll0.7p . we see 

HXUm = XpdUm H -X6Ur 

n + 2m — 2 

Substitute this expression into fll0.6p to obtain 



in 

XdUm = XpdUm H -7; prA^Mm. 

n + 2m — 2 



HU=y2x( pdum-i + o SUm+1 I ■ (10.8) 
^-^ \ n + 2m I 

m=0 ^ / 

For convenience, we assume here u_i = 0. The expression in parentheses in fllO.Sp belongs 
to the kernel of j since 8 and j commute. Hence, fllO.Sp is the Fourier series of the function 
HU = F with respect to the spherical harmonics, i.e., f llO.Sp must coincide with (110. 5p . 
We have thus proved the following 

Theorem 10.2. Let U G C'^{VL) he a solution to the kinetic equation HU = F, and 
let (110. 4p and (110. 5p be the spherical Fourier series of U and F, respectively. Then 

Sui = nfo, 

m + 2 

pdUm H — = fm+i for m = 0, 1, 2, . . . , 

n + 2m + 2 

where n = dimM. 

11. Proof of THeorem 1.1 in the two-dimensional case 

We assume here n = dim M = 2. As well known, an isothermic coordinate system {x, y) 
exists in some neighborhood of every point of a two-dimensional Riemannian manifold. 
In such a coordinate system, the Riemannian metric has the form 

ds^ = e^>'^'''y\dx^ + dy^). (11.1) 

It suffices to prove Theorem 1.1 under the assumption that such a coordinate system is 
defined on the whole of M. 

Define the coordinate system (x, y, 9) on the three-dimensional manifold f2 such that 9 is 
the angle between the unit vector ^ G f2 and the coordinate line y = const. The spherical 
harmonics series expansion of a function U{x,y,9) G C°°{Q) coincides with the Fourier 
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series with respect to 9. Hence the next statement is a particular case of Lemma 2.5 (cf. 
the remark after statement of the lemma). 

Lemma 11.1. Let u e C°°(^™r') and let 

{\u){x,y,9) = -ao{x,y) + ^ {ak{x,y) cosk9 + bk{x,y) smk9) 

k=l 

be the Fourier series of the function Xu G C°°{fl). Then 

{Xpu){x, y, 9) = am{x, y) cosm9 + bm{x, y) sm.m9. 

Assume u and v to satisfy the hypotheses of Theorem 1.1. The assumption ju = is 
equivalent to pu = u. Then, according to Lemma fll.ll there exist functions a, 6 G C°°(M) 
such that 

(Am)(x, y, 9) = a{x, y) cosm^ + b{x, y) sm.m9. (11-2) 

The condition du = iv is equivalent to pdu = 0. According to Lemma [11.11 this means that 
the Fourier series of the function Xdu does not contain the harmonics of order m + 1. Due 
to Lemma flU.ll we have Xdu = HXu. Hence the coefficients at cos(m+l)^ and sin(m+l)6' 
in the Fourier series of the function HXu are equal to zero identically in {x,y). 
The operator H has the following form in the coordinates {x, y, 9): 

cos9— +s\n9— + (-/i^sin^ + /i„cos^)— ). (11.3) 
ox ay o9 J 

This can be derived from (1.9) and flll.ip by a direct calculation that is omitted. 

Now, we express HXu in terms of a and b using f lll.2p and f lll.3p . and then expand HXu 
in the Fourier series in 9. Equating to zero the coefficients of the series at cos(m + 1)^ 
and sin(m + 1)6', we arrive to the following equations: 



11.4) 



ax - by- m{iixa - fiyb) = 0, 
+ bx — m{fiya + Hxb) = 0. 

Introducing the notation 

d If d d 

z = x + iy, w = a + tb, t- = 7; \ TT + '^TT 

oz 2\ox oy 

we write f lll.4p in the complex form 

So, e~"^^w is a holomorphic function. According to the hypotheses of Theorem 1.1, this 
function vanishes together with all its derivatives at some point. Hence it is identically 
zero. Now, (lll.2p shows that Am = 0. Hence, m = and Theorem 1.1. is proved. 
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